Chapter 1

Introduction



The objedive of this reseach isto develop new leaning methods based upon
optimization techniques. Two dfferent but related arees are focused on The first is
to develop rew leaning agorithms for neural networks. These new leaning
techniques could later be used in a variety of applicaions such as control and pettern
reagntion applications. The semnd is to develop rew leaning controllers which

improve in their performance each time they are requested to repeat a task.

1.1. Introduction to Neural Network Learning

Neura net (NN) models have been studied for many yeas with the hope that
the superior leaning and recognition cgpability of the human brain could be enulated
by man-made madhines. Similar massve networks, in the human brain, make the
complex pattern and speed recmgrition d humans possble. In contrast to the Von
Neumann computers which compute sequentially, neural nets employ huge parall €
networks of many densely interconneded computational elements cdled neurons.
Neural networks have been used in many dfferent applications sich as Adaptive and
Leaning Control, Pattern Reaognition, Image Processng, Signature Recognition,

Signal Processing and Speech Recognition, Financial Problems, etc.

A neuron is the most elementary computational unit in a neural network which
sums a number of weighted inpus and pesses the result through a nonlinea
adivation function. Multi-layer neural networks (figure 1.1) consist of a large
number of neurons. Before aneura network can be used for any pupose, the
weights conreding inpus to neurons and the parameters of the adivation functions of
neurons shoud be aljusted so that outputs of the network will match desired values
for spedfic sets of inpus. The methods used for adjusting these weights and

parameters are usually referred to as learning algorithms.



Rumelhart et a.[1] introduced a leaning theory for multi-layer neural nets in
1986 and to some extent demonstrated that a general leaning algorithm for multi-
layer Neural Networks is possble. In a leaning algorithm cdled the Badk-
Propagation technique, they used the so cdled generdized delta rule to cdculate an
approximate gradient vedor which is then used by a stegest descent seach to
minimize the diff erence between the NN output and the desired ouput. However, as
demonstrated by smulations obtained by Rumelhart et al., low rates of convergence
were sean in pradicdly every problem. Lippmann(2] states, "One difficulty noted by
the Badk-Propagation algorithm is that in many cases the number of presentations of
training deta required for convergence has been large (more than 100 @asses through

all the training data.)"

We have tried the usage of neural networks for developing leaning control
schemes for repetitive manufaduring processes. These processs include madining,
milli ng, robatics, etc. In the neural networks approad to solving the learning control
problem in for instance macdining, a scrap piecehas to be macdiined to provide the
neural network with atraining set of data. If a dow leaning reural network is used,
it would generate agrea ded of waste in scrap pieces to achieve leaning. This
problem makes it imperative to develop rew leaning algorithms for neural networks
with orders of magnitude of faster leaning compared to the Badk-Propagation
technique. Also, in applicaions such as eed o hand writing recogrition, the one
percent error margin of the Badk-Propagation leaning is no longer acceptable and a
more predse mnvergencewould be desirable. Once new faster converging and more

acarate leaning agorithms are present, these problems and similar problems in



other applicaions of neural networks could be dleviated, thus making reura

networks much more practical.

In the literature, several methodd2-3l have been propesed to increase the rate of
convergence of leaning by making strong assumptions such as lineaity for multi-
layer networks. In addition, other more pradicd methods have recently been

proposed for speeding the convergence of the Back-Propagation tedAnbue.

The Badk-Propagation technique is a speda case of the stegest descent
technique with some alditional assumptions. In general, steegpest descent techniques
perform well while avay from locd minima and require many iterations to converge
when close to the minima. On the other hand, Newton's method wsually converges
fast in the vicinity of the minima. In addition, Newton's minimization technique
handes functions with ill -condtioned Hessan matrices elegantly [8l. It would be
desirable to take alvantage of the properties of stegpest descent when the state is far

from minimal and then to use Newton's method in the vicinity of the minimum.

To use Newton's method the first gradient and the matrix of second partial
derivatives (Hesgan) matrix shoud be evaluated. The moment one talks abou
evauating the Hessan matrix, it becomes clea that alayer by layer adjustment of the
weights is not possble because there ae dements of the Hessan which are related to
neurons in dfferent layers. In genera, two dfficulties have prohibited the use of
Newton's method for neural network leaning: 1) the complexity of the evaluation o
the Hessan, and 2 the inverson d the Hesgan. One way to dleviate these

difficulties is to use a momentum method which would approximate the diagorel



elements of the Hessan matrix and would stay ignaant of the off-diagoral

elementd®l

On the other hand, Quasi-Newton methods provide ancther solution to the

problem, by providing an iterative estimate for the inverse of the Hessan matrix. If

one
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figure 1.1 (General Multi-Layer Feed-Forward Neural Network)

seleds the initial estimate to be a identity matrix, initialy, the method coincides
with the stegpest descent technique and gadually changes into Newton's method as
the estimate goproaches the inverse of the Hesgan. This thesis will first review the
state-of-the-art in Quasi-Newton and conjugate gradient methods and will develop
new leaning methods based on these minimization techniques, increasing the speal
and acaragy of leaning o feedforwad neural networks drasticdly. Then, these

newly developed learning methods will be evaluated through simulations.

In many cases such as in control problems, one might try to train a neural
network which might include one or more neurons with unknavn adivation
functions, such as the cae when an unknavn norinea plant to be controlled is
asaimed to be a neuron among several other neurons for which the adivation
functions are known. In such cases, the whale network shoud be trained withou any
knowledge of the functions and gadients of individual neurons. In gradient based
leaning techniques, the gradient evaluation requires knowledge of the adivation
functions of al neurons including the ontrolled plant.  In some other cases,
adivation functions are desired which might not have @ntinuows derivatives. One
such adivation function is the threshald function a the step function which isthough
to be used in biologicd neurons. For these, functions, gradient based techniques will
fail. In these caes, the step function is approximated with a logistic or similar
smoath function. These and some other spedal and very important problems could

be alleviated if fast gradient-free learning techniques were available.

A series of gradient-free minimizaion schemes are reviewed and wsed to

develop rew leaning agorithms for neural networks to be gplicable to the



aforementioned problems and to minimize the neal for extra software/hardware.
These methods do nd require the evaluation d the gradient or Hessan o the
objedive function and ony require the objedive function evaluation which can be
performed by the network itself. This property makes leaning algorithms based on
gradient-freetechniques in some sense independent of the structure and conredivity
of neurons in the hidden layers. An attradive ansequence of this independence is
that upon pasble danges in the configuration, of the network, the network could
still be trained in the same manner. As an example of this feaure, consider a neural
network with several neurons which uses ©me gradient learning technique. For this
technique to be used, an algorithm shoud be developed which would include
theoreticd formulas for the gradient of the network. At once however, a neuron
bemmes disabled ar a mwnredion is svered. The gradient based learning algorithm
is no longer valid and canna be used for leaning. In this case, either the network
shoud be thrown away or a new algorithm shoud be formulated for its new structure.
The gradient-free techniques, however, would operate with either structure aad no
change is necessary to the network or to the leaning algorithm. This is another
pradicd feaure which is ough by developing fast gradient-freeleaning techniques.

The new learning methods will be evaluated through simulations.

1.2. Introduction to Discrete-Time Learning Control

A large percentage of the pradicd applicaions of control systemsinvolve caes
in which a system is repeaedly asked to perform the same task. Examples include
tracking problems for robas on asembly lines, as well as a large number of
manufaduring applicaions. Standard controller design methods produce systems that
reped the same arors everytime the command is repeaed. It is a bit primitive to

persist in repeding the same arors. Inthelast few yeas sveral theorems of leaning



control have been developed in the literature, generating controllers which can lean
from previous experience a performing a spedfic task[10-19, Two leaning control

algorithms are proposed here.

The firgt agorithm minimizes the output errors using a generalized secant
method for reaursive identification. In this approad, a time variant, discrete-time
model of the control system is devised in the form of a system of linea algebraic
equations relating the change in the state of the system to the change in the @ntrol
adion from one repetition d the task to ancther. This st of linea equations gives
the transtion ketween any two repetitions. This g/stem is then solved for the
appropriate cntrol adion that will minimize the traking error of the ntrolled
dynamic system, only requiring the availability of the order of the system, withou
any prior knowledge of the system parameters. This leals to a leaning-adaptive
controller, the performance of which is tested by applying it in simulation to

controlling two different nonlinear plants.

In a second approacdh, a self-tuning (adaptive) controller based onthe reaursive
least square parameter estimation is presented. The leaning reaursive least square
parameter estimator applies the reaursive least square parameter estimator, which is
normally used in self-tuning regulators, in the repetition danain for ead dscrete
time step. This will alow leaning to be etablished. In applying this leaning-
adaptive oontroller, again, the order of the system shoud be known, but no pior
knowledge of the system parameters is required. The performance of this control
scheme istested by smulation and experiment in controlli ng threediff erent noninea

plants.



1.3. Thesis Structure
This thesis consists of two major parts. In these two parts, the problems of

learning in neural networks and learning control are treated, respectively.

Part | (chapters 2-6) presents several new learning schemes for neural networks.
Chapter 2 formulates the neural network leaning poblem as a minimizaion
problem. Chapter 3 applies gradient-based minimization techniques on this problem
to develop fast new leaning agorithms for the aljustment of neural network
intercdlular weights and adivation function parameters. In chapter 4, more
implementable NN leaning agorithms are developed based on gadient-free
minimizaion schemes. These methods are in general independent of the achitedure
of the neural networks. Chapters 5 and 6 dscussand conclude the smulation results
condwcted for these new leaning algorithms.  Simulation results siow two to three
orders of magnitude improvement on the rate of leaning when compared with

present state-of-the-art learning techniques.

Part 11 (chapters 7 and 8 presents two new leaning control algorithms. In
Chapter 7, an optimization approach is taken in solving the leaning control problem.
An oledive function is formulated for the genera time-variant leaning control
problem so that the tradking error of the wntrolled system can be minimized
repetition after repetition. Using this objedive function, a leaning-adaptive wntrol
scheme is generated based on the Generalized Secait Method and is own in
simulation results, as applied to the @ntrol of two nodinea dynamic systems
performing highly norinea tasks, to perform very well. Chapter 8 uses a diff erent
approach for solving the leaning control problem. A leaning parameter estimator

based onthe reaursive least squares algorithm is developed which in conjunction with



a suitable antrol law forms a leaning self-tuning regulator. Simulations of this
leaning parameter estimator have dso been conduwted on controlling the same
norlinea plants as in chapter 7 and have shown to be very effedive. In addition,
very goodexperimental results have been oltained in the goplicaion a this leaning
control technique to the control of a Piezoeledric tod in a diamond cutting lathe with

highly nonlinear dynamics including hysteresis.

Appendix A provides a summary of the mathematics required for the
formulations of parts | and Il. Findly, Appendix B provides a list of the

abbreviations used in this thesis.
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Part |:LEARNING IN NEURAL NETWORKS
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Chapter 2

Objective Function and Gradient Vector Formulation for

Learning in Feed-Forward Neural Networks
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The objedive of leaning, in the problem of leaning in neural networks, is to
minimize the output error of the top (output) layer (layer L in figure 1.1) of a neurd

network over a set of P input-output patterns.

Define,
IO0[1,L] (Layer number in the network)
nO[1, N] (Neuron number in layd)
p[1, P] (Pattern number)
Whm (Weighting factor between thetfvinput and neuron n in
layerl)
Ol (Output of neuron n of layérfor input pattern p)
ton (Desired output of neuron n in layer L)
ipm (Input m of pattern p to the network)

Then, the objective of learning becomes,
P N

minimize E = ; ;(o;rL ) (2.1)

Define,
= Zl(om_tpm) (2.2)

then,

E= i E, (2.3)
=

Let us define afew variables and eventualy a state veaor which would include

all the variables to be optimized for minimum E:
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(State vector for leve |)

(Super state vector)

Let j denote any element of the state vector X, then,
oE P 6Ep
6xj = 6xj

and by the chain rule,

L
6oan

N
OE, S
=2 ( OPnL ) tPnL )
6xj nZL: oX.

]

where,
[ OL [ OL ° Ol
Py Py (1]
| | |
[ ] (pr. [ ] 0 [ ] (pq
° OL [ OL [ Ol
P P
| | |
*Ohng "% W,
and,
. 0L Lo, (L+-i+1)
py PYL+Hi+1) . e e .
= rl ) (using indicial notation)
*0 =+l *0
Py PYL++)

In equation (2.7) the index notation has been employed, i.e.,

(Adivation fundtion parameter vedtor for levd [)
(Vedtor of intercellular weights to neuronn & layer 1)

(Supervedor of interadlular weights of levd 1)

(2.4)

(2.5)

(2.6a)

(2.6b)

(2.7)



1

where,

then,

and,

where,

However,

1

0
P lT (traditional notation)
%m *Om,

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)
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pn d (2.14)
1+es'Dn
from which,
|
-%_ 1
e =4-1 (2.15)
Om

Rewrite equation (2.13) using (2.15),

I I
dm:om(l-om) (2.16)
From (2.16), (2.10), (2.11), and (2.12),

|
°0

m_ | |
) =0y (1-04) (2.17)
B

|

°0

mo_ !
T %, O (170 (2.18)
“nn,

and,

|
°0

mo_ 1 !

T~ @hn, O (17 0) (2.19)
°0

Py

We can therefore use equations 2.17-2.19 and 24-2.7 to evaluate the dements of

gradient of E with respect to the super state vectal k). Define,
P

g=0F= Z 0E, (Gradient Vector) (2.20)
=

and,

P
2 2 . .
G=0E-= Z OE, (Hessian Matrix) (2.21)
=



Most minimizaion techniques require gradient evaluations of the objedive
function. The &owve formulation is used in most of the minimizaion techniques

discussed in this thesis.

Example: The Exclusive-OR (XOR) Problem
Take the example of a network of threeneurons (figure 2.1) which is employed

to simulate the exclusive-OR (XOR) logic pattern (table 2.1.)

pl

i
o p2
figure 2.1 (Neural Network Simulating the Exclusive-OR Logic)

Input Patterng Output Patterng
0 0 0
1 0 1
0 1 1
1 1 0

table 2.1 (XOR Logic)
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The objective function of minimization will then be,

4
2 2
E= ; (0~ ty) (2.22)
and the super state vector is defined by the following sequence of definitions,

1T 1 1

¢ =[¢, ¢]
2 2

¢ =[@]

1T 1 1 1 1
W =[ 0y, Wy, Wy, Wy]
2T 2 2
w :[ooll,oolz]

T 1.1 1 1 1 1 2 2 2
X =@ @y 0y, Wi, Wy, Wop, By, Oy, W]

From equation (2.5),

2
L] 2 001
.lj’:z(opl-tpl).—; (2.23)
J J

and from equations 2.17-2.19,

2
°0
pl _ 2 2
—5 =0 (1-0y) (2.24)

2
7 = Ot Op1 (1-0p) (2.25)

2 2
7 = Op2Op1 (17 0py) (2.26)

2 2 1 1
pl(l_opl)opl(l-opl) (2.27)




v a2 el
Op1 _ " ° pl
[ ] 1 [ ] 1 [ ]
Wy 0y (*)11
[ ] 2 [ ] 2 [ ] 1
Op1 _ "% "%
[ ] 1 [ ] 1 [ ] 1
Wy 0y *Wy
& 2 1
Pl _ * O ° P2
[ ] 1 [ ] 1 [ ] 1
W1 *Op Wy,
L2 2 1
O _ "% "9 _
1 T 1
W5 *Op Wy,

elements of,E are found.

2 2 2 .1 1
opl(l-opl)opz(l-opz)

(*)11 pl(l Opl)'pl p1(1 0 1)

2 2 2 .. 1 1
= U3 0 (1-04 )i 0y (1-0,)

o (1- ol)lp1 p2(1 o )

= 6,03 (10 )iy Oy (1-03)

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)

Using the eove eguations, the dements of [,E, and wsing equation (2.4) the
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Chapter 3

Gradient-Based Minimization Algorithms
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This Chapter describes a set of gradient based minimization techniques which
require the evaluation d the objedive function, its gradient and sometimes the matrix
of its mnd prtial derivatives (Hessan) for cetain states. Ancther group d
minimizaion techniques are described in chapter 4 which require evauations of the
objedive function ony. In the latter methods, no dred gradient evauations are

needed.

3.1. The Steepest Descent Technique

The stegoest descent technique is a gradient-minimization method which uses a
first order approximation to the objedive function (E) to generate diredions of
descent with the knowledge of the gradient at ead iteration k The stegpest descent
methodis very reliable sinceit always provides a descent diredion. Thistedhniqueis
ided for points which are far away from the locd minima. However, close to the
locd minima, the stegpest descent technique will generally require lots of iterations to
converge due to its nature of approximating the objedive function with a linea

function.

Let X" denate the state vedor which results in a minimum objedive function E.

Further, assume that the arrent state is x, and cefine Ax, to be the difference

between the states at k and k+1 iterations, namely,

2 X = X1 ™ X (3.1)
Decompose the steékx, into a direction gand a magnitudg,,

Axy = N 5¢ (3.2)

Sincethe gradient of E paointsin the acent diredion, the stegest descent is given by
the diredion oppaite to the gradient diredion at every step k. Therefore for stegpest

descent minimization,
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=k 3.3
* Tl (33)
However, a line seach shoud be used to provide an optimum step size A" to

minimize E in the s, diredion. This will produce the following reaursive steepest

descent technique for minimizaion o the sum of squares of errors of the output of a

neural network.
* gk

X, q =X, A ——
k+1 k k”gk"

(3.4)

The stegest descent technique of equation (3.4) is different from the Bad-
Propagation[1] technique in the sense that it uses the true gradient of E at step k and
not an approximation. The Badk-Propagation tedhnique finds a descent diredion
based on an approximation to the gradient of the objedive function by wsing orly
locd data in a multi-layer network. Furthermore, the ealy implementations of the

Bad-Propagation technique took steps based onthe gradient of E, for ead pettern p

as vonas a new pattern was presented. The true stegoest descent is dore, however,
by summing the gradients LJE,, over al the P patterns and taking a final step in the
diredion oppaite to the gradient of E, [JE. The Stegest descent method ony
provides good minimizing dredions if the condtion number of the Hessan o the
objedive function is close to 1. As this condtion nunber gets larger, the steegest
descent becomes dower and more alvanced minimization techniques (preferably with

guadratic convergence) will be preferred. To further enhance the speed of leaning o

the network, let us consider the following more advanced minimization techniques.

3.2. Newton's Minimization Technique

Write the Taylor series expansion o E at x* and abou x, assuming that every

update of the state vedor shoud drive the state vedor to ogtimal value x*, namely, x*

= Xg + AXk.
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* T 1. T 2 3
E(x):E(xk)+D>(E|Xk2xk+§2xk DXElxkzxk+O(2xk)

By using the previoudy defined symbadls for the first and second gadients of E (g

and G,) with a subscript k to denote their evaluation,avg may write (3.5) as,

* T 1. T 3
E(x):E(xk)+gk2xk+§2Xk Gy 2%+ O (2 %) (3.6)

If we disregard the higher than second ader terms in (3.6) and thus approximate E
with a quadratic function in the vicinity of x, and X, then the quadratic

approximation of (3.6) may be written as follows:
* T 1. T
E(x )= B(X) + G 2 Xt 5 2% G % (3.7)
Note that for a minimum of E(x"), a necessry condtion is that [,+E be zeo.
However, keguing the aurrent state x, constant and then taking the gradients of both

sides of (3.7), since"x X + AXy,

«E- + G AX
DX 9 AX, (3.8)

Setting the gradient of E at rqual to zero gives,
g +GAx.--0 (3.9)

or,

AX - -G g (3.10)
However, since E is generaly na a quadratic function in x, the following reaursive
update could be used for the state vector,

Xerr = %5+ NS (3.11)
where A" is the optimum step size in the diredion s, and s is given by the
following,

G-kl 9
1G, g

(3.12)
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A line search method could be used to prowigefor direction g.

This method povides quadratic convergence and is very efficient in the vicinity
of the minima. However, there ae three problems that are faceal when trying to use
thisalgorithm. Thefirst problem isthat in order for E to aways descend in value, the
matrix G'1 shoud be positive definite. Since E is generaly nat quadratic, G1 could
bemme indefinite or even negative definite. There ae many tedhniques developed to
ke a positive definite goproximation d the inverse Hessan matrix (G'1) such that
the quadratic information in the Hessan matrix will be used. Using the quadratic
information generally provides a better diredion d descent than the stegoest descent
diredion, espedally in the vicinity of the minima. Amongthe methods for keeping a
positive definite gproximation d the inverse Hessan matrix are Greenstadt's
method 16, Marquardt(ll, Levenbergll8, and Goldfeld, Quandt and Tratter's

alternativél®l.

A seond poblem is that for networks with a small number of neurons it might
be feasible to find the Hessan matrix, however, for larger networks it will become a
very difficult task. In addition, it will be very hard to write general equations for the
evaluation d the dements of the Hessan matrix as dore for the dements of the

gradient vector g.

Let usfor the sake of argument say that a Hessan matrix is cdculated at every
iteration k Then a ill more serious problem occurs. For huge networks it is not
pradicd to take the inverse of the Hessan matrix. Taking this inverse in most cases
will require more time than taking more steps using a smpler method such as the

steepest descent method.
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The problem of retainment of paositive definitenessof the inverse Hessan can be
solved by the methods noted above. However, problems two and three make using
Newton's method qute impradicd. These limitations are reasons for looking at the
following alternatives which in turn will solve the gorementioned problems and still

keep a super-linear rate of convergence.

3.3. Quasi-Newton or Large Step Gradient Techniques

From equation (3.11), we can write the following eneralized reaursive

algorithm to update the state vector such that a minimum E will be approached:

X1 = % - A H O E(K) (3.13)

where \* is a weighting fador, and Hy is a square symmetric matrix. Depending on
the choiceof H, , different optimizaion algorithms will be resulted. Therefore, Hy
multiplied by the gradient of E will provide adiredion d descent in the objedive
function E and \*y is the optimal step in that descent diredion as provided by some
line seach method If H, in equation (3.13) is made eguivalent to the identity (1)
matrix, then the method reduces to the stegpest descent technique which provides
linea convergence Making H, equivalent to the inverse of the Hessan matrix (G1)
of the quadratic gpproximation d E, as previoudy defined, the method will reduceto

the Newton minimization technique which provides quadratic convergence.

Instead of using the red inverse-Hessan, Quasi-Newton methods use an
approximation to the inverse-Hessan provided by an iterative updating scheme.

Quasi-Newton methods usually start with an approximation to the inverse-Hessan

matrix such as the identity matrix. Different updates for H, are then used, leading to

different types of Quasi-Newton methods. Updates to matrix H, are dore reaursively
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in dfferent diredions of the inverse-Hessan space based onthe information oliained
from the function and gadient behavior in that diredion. Depending on whether
these upcktes are dore in ore or two dredions at a time, rank ore or rank two
methods are generated. Those Quasi-Newton methods which retain a postive
definite H, are cdled variable metric methods. Not all Quasi-Newton methods use
variable metric updates. Newton-like methods in general try to kegp Newton's

condition (3.14) satisfied.

H2g, =2x, (3.14)

Condtion (3.14) is automaticdly satisfied for a quadratic function if H is the exad

inverse Hessan. However, since in Quasi-Newton methods, the inverse Hesgan is

suppased to be gproximated, instead of H, AQ, = AX, the methods try to keep the

following relation satisfied at each step k,

Hie1? 9= 2%, (3.15)

This relationship is referred to as the Quasi-Newton condtion and it means that the

inverse Hessian matrix should be updated such that relation (3.15) is satisfied.

In 1959 Davidori2¥ introduwced the ideaof Quasi-Newton methods. In 1965
Barned 2l and Broyden(22 independently introduced a method for solving a set of
simultaneous linea equations of the same form as equation (3.14). Barnes equation
is a more genera one and includes Broyden's method as a spedal case. Equation

(3.16) gives this update,

(2x-H2g)zT
_ k™M™ Y%/ 4

2H, 4 (3.16)
Z, %9

where z is a direction in which the update tg I done.
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3.3.1. Rank-One Updates to Inverse Hessian

A rank-one update to the inverse Hessian matgixvbluld mean the following,
H,,=H+auu
where u is a diredion o updete. Setting z, in equation (3.16) equal to the aror of
equation (3.14), when H is approximated by H,, will produce Broyden's rank-one
update (Eq. 3.17).

T
_ (2xk-szgk)(2xk-Hk2gk)

2H, (3.17)

=
(zxk_ szgk) zgk
This update & applied to Quasi-Newton problems was introduced by Broyden[23,

Davidorl24 and aherd?5 26 independently. Let N denote the dimension d the
state vedor X. This update has the property that if /Axq, A£X,, ..., Xy are linealy

independent, then at k=N+1, # G1for quadratic functions.

Ancther important feaure of Broyden's update is that A, of equation (3.13)
does not necessarily have to minimize E in the s diredion. Aslongas A" is such
that H, ., will not beame singuar and the denominator of (3.17) is not made zeo,

any A\, could be used in conjunction with the Broyden updite. However, some

unattradive feaures also exist for this update. If the objedive function is non
guadratic, as in the cae of general neural networks, the following less than

satisfactory aspects of Broyden update exist,

1. H, may nat retain its positi ve definitenessin which case it is necessary to use

one of the methods in sedion 32, such as Greestadt's method, to force this matrix to

be positive definite.



2. The orredion AH, of equation (3.17) may sometimes become unbouned

(sometimes even for quadratic functions, due to round-off errors).

3. If AX, given by equation (3.13) is by chancein the same diredion as A4,
then H.,, becomes singular or undetermined. Therefore, if
Hy 2 g = 2%, (3.18)
or,

T
(He20¢-2%) 2g¢=0 (3.19)

then H.,, should be made equal tq,Hhamely A = 0.

3.3.2. Pearson's Updates
Peason27] introduced other diredions of update for the projedion o the aror
of equation (3.14). In his No.2 method re proposed z, = /X in equation (3.16),

which in turn generated the following update fqr H

T
(2%, - Hy 2 g) 2X
2H, = R

T (3.20)
R

His No.3 method wsed the other posshility which is z, = H, Ag,. This gives the

following update,
T
_ (2Xk_ szgk)(szgk)

2Hk T
(H.29,) 29,

(3.21)

Peason's methods do nd guarantee positive definiteness of the inverse Hessan
Matrix and wsually lea to ill-condtioned matrices. Therefore, it is a goodideato

reset the inverse Hesgan approximation to Identity, every N iterations (i.e. Hyy = |

fort=0,1, 2, ..).
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3.3.3. Rank-Two Updates

The rank-one update does not leave much of a freedom for choasing the
diredions of update. This motivated the formulation d rank-two updites such that
the objedive is dill to satisfy relation (3.15) at every step k. The general rank two

updates are of the following form,

T

T
Ho, =H +auu +Bvv (3.22)

k+1

where, the diredions u and v and scding fadors a and 3 shoud be picked. It would
be agoodideato updie these diredions relative to Ax, and H, Ag,. This would

give the following general update,

T
2X,. Y H 29, 2z
k k~ Jk
PH =0 ——+B—= (3.23)
y 20, z 2,

A natura choiceto retain symmetry isto pick a =1, = -1, y = AX,, and z = Hy
AEg,. This will generate the Davidon-Fletcher-Powell (DFP)[28 update given by

equation (3.24).

T T T
_ A A% H A A g H,

AH, (3.24)

T T T
Ax, Ag,  Ag, H Ag,
This algorithm works properly in generd if g, is cdculated with minimal error and

H, does not become ill-conditioned. Define,

2 X| 2 X|
A=—F (3.25)
2 X| 2 gl

and,
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_Hi?2g?g H,
i T T
2g H %9
Then,
k-1
ZDAi ~H & k-N
and,
k-1

ZDBWHO as kN

which result in,
H, - H & k - N

for a quadratic function. The proof of this statement is as follows.

Using (3.14), substitute fEq in equation (3.25),

2X|2X|
A =

! T
2xi szi

Sum A over N consecutive steps,

N-1 N-1 2x.2x.T
} _} i
1= 1= 2Xi GZXi

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

Therefore, for quadratic functions wheragse conjugate about G (see (A.38)),

N-1

ZDAi:H

(3.33)
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The DFP method povides § which are mnjugate @ou G and thus (3.33) hdds.
Similarly, 2B; can be shown to approach Hy and to kegy H, positive definite sk —
N. Animportant property of this update is that if Ax, T Ag, > 0 for all k, then the

approximate inverse Hessan matrix will retain its postive definiteness This
condtion can be imposed by wsing aline seach method which satisfies the following

relation,

T T
Orr 2 Xic® 9 G 2% (3.34)

Eventualy this means that the airvature etimate shoud be postive where the
updating is done. In equation (3.34),

o0l 1]
and,

TD[O,%]

These are parameters of the line search termin&gbn.

In 197Q Broyden[2¥, Fletcher[30, Goldfarbl3l, and Shannd32 suggested the
BFGS update which is dual with the DFP update. This means that if one gplies the
DFP method to updating the Hessian matrix from the following,

G2 % =29, (3.35)
rather than equation (3.15), and then apply the Sherman-Morrison inversion formula

(A.32) to oltain an expresson for AH,, then the BFGS formula given by equation

(3.36) will be obtained.

ATg H, Ag AX AxT AX ATg H +H, Ag AxT
AHk:(1+ K M k) K DXy K K M T H A0 AXy

-
A 'x Ag, A X Ag, A x, Ag,

(3.36)
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The BFGS update has al the qualities of the DFP method gdus the fad that it has
been naed to work exceptionally well with inexad line seaches and a global
convergence proof existd28 for the BFGS update. No such proof has been dore for

the convergence of DFP yet.

3.3.4. Quasi-Newton Updates Through Variational Means
Greenstadt[33 developed a general updating scheme using veriational means by
minimizing the Euclidian nam of the update to the inverse Hessan. This generated

the following general updating formula,

1 T T T
*H =——— (X2 g M+M2g,2x -H 2g 2 g Hy
2 2
9 M2g,
1 T T T
‘T—(zgk zxk_(zgk Hk29k))|\/|2gk29k M)
29, M2g,

(3.37)

where M is a podtive definite matrix. Greenstadt in his paper proposed two
possibilities for M as,

1.M=H - (Equation 3.38)

2. M=1 - (Equation 3.39)

T
T T 20y 2X
sz:;(ZXkZQk Hi+ Hi 2 g2 X ‘(1+#)

2gk szgk ng szgk (338)
2 2 T
Hy 2 92 gc Hy)
2H = 1 2 2 TH +H 2 2 T 2 2 TH
K= (2% 29 Ht H 2 2 X - 29,29, H,
2gk2gk

1 (3.39)

T T
(zgk zxk_zgk szgk)zgkzgk)
2 2
9 “ Y
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These methods do nd retain pasitive definitenessin general. However, Goldfarb[31

proposed the use of M = H, ., which dces provide apositive definite gpproximation

to the inverse Hessian matrix. This method is identical to the BFGS update.

3.3.5. Self-Scaling Quasi-Newton Methods
Suppcee that the objedive function E is sded by a number ¢ and results in a

new objective function,

E =cE (3.40)
This objedive function haes the same minimizer as E and its gradient and inverse
Hessian are given in terms of those of E by,

g=cg (3.41)

H' :(%) H (3.42)

The Newton step for finding the minimizer of a quadratic function, X*, isx* = x, - H

Ox. Similarly, the Newton update for E' is,

* v 1
X =x.-H gk:xk-(E)Hcgk:xk-Hgk

Therefore, the Newton step is invariant under scding while Quasi-Newton methods

are generally not invariant under such scaling and will give different results.

Take Broyden's sngle parameter classof updates described by equations (3.43),

which includes the BFGS and DFP updates as special cases.

szgkzg-er-kr T 2szx-kr
Hyp = Hy - A A

20 He 29 R

(3.43a)

where,



1
T 2, X H, 2 g,
V= (2g B2 9) (——-—= ) (3.43b)
X 29 29 H 29,

(Setting 6, to 1in equation (3.43a) produces the BFGS update and setting it to zero

gives the DFP update.)

This class of updates is generally nat invariant under scding. This motivated
Oren and Spedicatol3433 to modify this Broyden's sngle parameter family (3.43) by
introduwcing a new parameter . such that by the gpropriate dhoice of p, and 6y,
they could have an updite which isinvariant under scding d equation (3.40). Thisis
the general update given by (3.44),

T T
H 29,29, H T 2X, 2 X
k- %" 9% Mk k- Xk
Hier = M (H-—— O vy )+ (3.44)
20 Hi? 9 2 Xy 2 G

where vy, is given by (3.43b).

In addition, Shanno and Phual3€l propased an initial scding method which
makes Broyden's sngle parameter classof update self-scding. The two approaces
to making updites invariant under scding are discussed in more detal in the

following two sections.

3.3.5.1. Self-Scaling Variable Metric (SSVM) Algorithms
Equation (3.44), when used with exad line seaches, will become amember of

Huang's famil{37] where in his notation,

1
k
<|'l ") (3.49)

Pk =
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Equation (3.44) leaves a lot of freedom in choosing the parameters |, and 6, such

that invariance under scaing is achieved. Oren suggested in [34] that p, and 6, be

picked in the following manner,

T T
O > Xk 2 Xy 2 G
wEa T r(l-Q)—— (3.46)
% H? 9, 20 He2 gy

ande@,, 6, J [0,1]. This choice will provide a set @i, such that,

ZX:—zgk “ vzx-er; % Xy
g T T (@.47)
9 He?9¢ X “ G

In ancther approadh, Oren and Spedicaol39 tried picking p, and 6, based on
heuristics such that p, is as close & possble to unty and 6, is such as to offset an
estimated hias in det ( H, G ). In a third approach Oren and Spedicaol33 picked
thase , and 6, which minimize the condtion number of ( H,-1 H,,, ). Thischoice
will put a bound onthe cndtion nunber of the inverse Hessan approximate and

therefore will provide numericd stability. Minimizing this condtion number, the

following relationship is held betwegr andg,,

b(c-by,)
O =——- (3.48a)
W (ac-b)
where,
T
a=2g, H %29, (3.48b)
T
b=2x 29, (3.48¢c)
and,
2 T 1,
O= Xk P X (3.48d)

*2 T
=N O Hie ok
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Then, using Fletcher's duality concept[28], Oren and Spedicatol39 foundthose , and

6, which would make their update self-dual. This set is given by,

1+ 28 (3.49a)

and,

W = Jj; (3.49b)

Reference [35] gives four sets of switching rules for picking p, and 6,.

Algorithms based on Oren and Spedicao's updates are cdled Self Scding Variable
Metric (SSYM) agorithms. SSYM methods maintain pasitive definiteness of the
approximation to the inverse Hessan matrix provided that Ax, TAg, > 0 for al k.
Condtion (3.34) is again used in the line seaches to impaose this inequality. For a
genera nonlinea objedive function, the SSYM algorithms provide aset of seach
diredions which are invariant under scding d the objedive function. Also, for a
guadratic function, these dgorithms have the property that they monaonicdly reduce

the condition number of the inverse Hessian approximate.

A draw-bad of the SSYM agorithmsisthat they fail to converge to the inverse
Hesgan matrix for a quadratic function.[381 This convergenceis espedally desirable

for methods employed for minimizing non-quadratic objective func{i@s.

The SSVYM algorithms, in general, perform well with oljedive functions which
depend onlots of variables. This makes them ided for usage in neural network
leaning. These dgorithms perform exceptionally well (better than all other updates
in general) for homogeneous objedive functions. A homogeneous objedive function

E(X) is such that,



E(X)=T (x-X) gKx) + E(X) (3.50)

where T is the degree of homogeneity and X is the minimizing state.[39
Differentiating (3.50) gives,
X =X - (T-1) H(X) g(x) (3.51)

Equation (3.51) suggests that the Newton step shoud be multiplied by (t - 1) in order
to get to the minimum. This makes the switch 2 SSYM methods superior to all other

Quasi-Newton methods, when used on homogeneous funEfo?s.

The ladk of convergence of the goproximate inverse Hessan to its true value in
SSYM updates motivated Shanno and Phua to investigate methods which would

make the Broyden single parameter class self-scEfhg.

3.3.5.2. Initial Scaling of the Inverse Hessian Approximate

In [40], Spedicao proposes the initialization such that Hy is the inverse of a

diagoral matrix with its diagoral being the diagorel of the true Hessan matrix at X,
This, however, is nat pradicd sinceit is very hard to evaluate the Hessan for the
objedive function d a multi-layer neural network. Shanno and Phua [3€] proposed
an initial scaling such that,

Ho=AgH'q (3.52)
where \o* is the initial linea step gven by the line search agorithm and H is the

initial guess for the inverse Hessan (usualy the identity matrix, 1). This makes
Broyden's one parameter classof updates, given by equations (3.43), self scding and
invariant under scding d the objedive function. Initial scding d (3.52) will
therefore give,

Hy= 2! (3.53)
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as the new initial guess for the inverse Hessian, if no better estimate of H is available.

Ancther initial scding, proposed by Shanno and Phual3€l, uses Oren-
Spedicato's SSYM algorithm and finds the p, provided by that algorithm which

minimizes the @ndtion number of ( H, -1 H,,; ). Thenit scdestheinitia estimate of
the inverse Hessan by that value. For example, consider the BFGS updete for which

6y = 1. Y is given by equation (3.48a) to be,

b
Ho=3 (3.54)

Since u shoud be equal to ore for the BFGS method the initial estimate of H is
scaled by,

Hy=—-H' (3.55)

This initial scding can be evaluated in the same manner for al the members of the

Broyden single parameter class of updates using (3.483) and the gpropriate 6, for

that update.

These initial scdings were shown by Shanno and Phua [3€] to improve the
performance of the BFGS method ower the SSYM methods of Oren and Spedicao in

all the cases tested but the special case of homogeneous objective functions.

3.3.6. Quasi-Newton Methods with Inexact Line Searches

Quasi-Newton methods which work well with inexad line seaches sich as the
BFGS and SSYM methods have become very popudar due to their reduction o the
computational burden associated with line seaches. Hoshino4l presented, with his
Quasi-Newton algorithm, a crredion term which would maintain the orthogorality

of the search direction and gradient at the termination point of an inexact line search.



Davidon also presented a new algorithm which has drawn a lot of attention in
the field of optimizaion3642 . His agorithm uses no line seaches, optimally
conditions the inverse Hesgan approximate, and wses the square roat of the inverse
Hessan approximate which improves the numericd stability of his algorithm. The
following two sedions describe the theoreticd details of these two approaches to

weaken or eliminate line searches.

3.3.6.1. Hoshino's Method

Hoshind41 presented a new variable metric update which generally works well
and hes properties smilar to those of the BFGS and the DFP methods. However, this
methodin genera has shown to gve updates with condtion nunbers larger than the

BFGS and SSVM methods. Hoshino's update is given by equation (3.56).

T
e (2 e

9% e HAL Pa (3.56)

R2g HH2A2 R H) (@

An attradive feaure of Hoshino's Quasi-Newton minimizaion is his theoreticd
approad to the use of his update with inexad line seaches. Inexad line seaches are
desired to reduce the number of function evaluations. These inexad line searches
will sometimes give gradients at their termination pant which are naot perpendicular
to the seach dredion. This will sow down the cnwvergence of the minimizaion
scheme. To evaluate the Quasi-Newton dredion d updete & any step k+1, Hoshino

uses a modified gradient which is forced to be perpendicular to the search dredion.

Consider the line seach terminating at X,,;. Also, consider X'\, to be the true
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minimum in the diredion d search. Furthermore, denote the step from x, to the true
minimum x;,, by AXx; and define the scalag such that,

ZX =& 2 X (3.57)
Therefore, the gradient at the true minimug@will be given by,

g k1™ Gt ( Ok+1- gk) &
(3.58)

= Okt &2 G
The true minimum would be & the point where the gradient is perpendicular to the
direction of search or,

T
Xk k1 =0 (3.59)
Solving for theg, which satisfies this condition gives,

2 X g
k Yk+1
= -— (3.60)

2 2
X “ 9

Then, the expression for the modified gradient is given using this scalar factor by,

C_ X Gt ,
e R e (3.61)

® Xy 20
This new gradient gives the Quasi-Newton direction at step k+1 to be,
Ser1 = " Hie1 9k (3.62)
Hoshino daes nat use this modified gradient for his update to the inverse Hessan
approximate. This gradient isonly used to oktain the Quasi-Newton step. Reference

[41] gives a stability analysis for this scheme.

3.3.6.2. Davidon's Optimally Conditioned Quasi-Newton Method with No Line

Searches
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In 1975 Davidorl42 made an important contribution to the improvement of
Quasi-Newton methods by introduwcing his optimally condtioned method which is
free of line seaches. Schnabell43 has devoted most of his PhD dissertation to
evauating Davidons method The method condicts updates to the inverse Hessan
approximate which are optimally condtioned in the same sense & the optimal

condtioning d Oren and Spedicato. This condtioning is dore by minimizing the

condition number of ( 41 H,,4 ) which has been obtained by minimizing,

1 inthe eigen valueproblem, H, ,u=AH, u
AN

Previoudly, reseachers had been trying to minimizethe ratio of the condtion number
Hy., to the ondtion number of H,. However, doing this would generate invariance
under orthogoral transformations only, while the optimal condtioning used by
Davidon and Oren and Spedicao is invariant under al invertible linea

transformations.

Davidons update to the inverse Hessan approximate is given by equation
(3.63). This generad update includes me updates such as the DFP and BFGS
updates as geda cases. In equation (3.63), the value of 6y is chasen such that the

condtion number of ( H,1 Hy,; ) is minimized. Davidon wses A as the initial

value of w, namely,

=2
Wo=<X,

0

Following w's are then oltained by (3.64) for quadratic functions. For non-quadratic

functions, he sometimes uses,

-2
Wy =X
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This update is part of Davidons agorithm which does not use a line seach.
However, if sufficient reductionisnot experienced by the objedive function, asmple

inexact line search is used to impose sufficient function reduction.

T T T T
L X HEQIW AW CX-HEG) CXH2G) 29w

Hk+1:Hk T T 2

W 2% (W 29,)
- (3.63)

-HAg W -HAg W

ek 2 2 T2 T2 2 2 T2 T2

(%HA9) 290 We2dq| (% HEG) 20 W *g,

T T

Wi = Wi (X - Hi 20 ) 20~ (2% - H 2 0¢) wye 29, (3.64)

This method fes three important feaures. First, to improve the numericd
stability and acarracy of his algorithm, Davidon updites a Jacobian matrix which is

the square root of the inverse Hessian approximate.

T

By thisfadorization, the condtion number of the Jacobian matrix J, is of the order of
the square roat of the wndtion number of the matrix H,. This snaller condtion
number improves the stability of the method in pradicd applicaions. An updite in
the Jacobian matrix of the following form,

T
Jy=(1+w )3 (3.66)

translates to the following update in the inverse Hessian approximate,

T T
Heo=(1+uv )H (1+wvu ) (3.67)

This fadorization produces postive definite inverse Hessan approximates. Some
rank two updites in the Broyden family such as BFGS, DFP and ogimaly
condtioned updites correspond to rank ore updates in the Jacbian matrix. This

results in fewer computational operations and less round-off error.



A semnd feaure of this agorithm is motivated by the fad that one could
approximate the gradient at the minimum of a quadratic function by a linea
interpolation simil ar to the gproach of Hoshino dscussed in the previous sdion.[44
Davidon daes nat use the adual change in the gradient and the adua step size he
instead uses projedions of these changes. This allows him to avoid line seaches.
Shanno and Phua have devoted a paper to the discusson d these projedions.[43]
Despite the use of these projedions, Davidons method till maintains a positive
definite goproximation to the inverse Hessan matrix for quadratic and nonrquadratic

functions. This ensures quadratic convergence for Davidon's algorithm.

In the red implementation d his algorithm, Davidon ses an equivaent form of

equation (3.63) given by equation (3.68),

T
(2X'-He2g ) 2x' +2x (32X -He2d'y)

Hin = He + T
X'k 29k

T T
) (2X'-He2d'k) 202X 2 X'y

2'T2' 2
(2X'y 20')

2XIk szgk 2XIk szgk

T - - (3.68)
ekzngkz(:’fk 2X-T2 2 TH 2 2X'T2 2 TH 2
k gk glk K glk k gk gk Kk glk

where,

2X = QX (3.69)
and,

20%= Q * % (3.70)
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Qx is the matrix projecting onto
T
Wi (2%- H?9¢) ]

in Hy-1.

The third feaure of Davidons algorithm is that the diredions w of (3.63) neal
not be orthogoral to the aror of the Quasi-Newton step. These diredions are chosen

such that the updates and new directions satisfy the following conditions:
(Hu,-H)z=0 O0z0OZ,
(3.71)
w O0Z,02x,.-H,.29,

where,

z,=| 2% 29 | (3.72)

This ensures approximate inverse Hessan matrices which satisfy the following
condition,

Hi1?9,=2X, jSk (3.73)
This condtion ensures convergence to the minimum of a quadratic function after N
updates to the inverse Hessan approximate when inexad line searches (or even no

line searches ) are used.

Figures 3.1 gve aflow chart of Davidons minimization agorithm withou any
line seaches. Davidons update, when no projedions are used and the inverse
Hessan approximate is updated diredly, can be described by equations (3.43), (3.48),

and

e:b(c-b)/(ac-bz) when b S 2ac/(a+c) (3.74a)
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@=b/(b-a) when b>2ac/(a+c) (3.74b)

Davidons update can also be used in acardance with the scding o the initial guess
for the inverse Hessan to make the update invariant under scding d the objedive

function. The first method d initial scading dscussed in 3.3.5.2, has produced much

improvement on the scherf#]
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figure 3.1a (Flowchart of Davidon's Quasi-Newton Method)
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3.4. Conjugate Gradient Methods

Consider a quadratfunction E(x), xdJ RN,

T T
E(X)=a+b x+%x G X (3.75)

where G is positive definite and has full rank N.

Take anormalized starting dredion sy O RN such that || 55 |E = 1 and an initia
vector %. Find the step sizg4, such that,
X, = %o+ Ay, (3.76)
minimizes E along the directiog.s
Then,

T . 1 oy )
E(x)=a+b (X0+)‘OSO)+§(XO+)\OSO) G(xy+Aysy)  (3.77)

To find the minimum of E in theyslirection,

°E
=0
* (3.78)
‘Ao
or,
T T »
O E(Xy) syt sy GAys,=0 (3.79)

Solving forA*, from (3.79),

T
)\* S OE(Xp)
oT T T T (3.80)
Sy G Sy

If aunidiredional minimizationisdore for N timesin N diredions 5, kO {0, 1, ...,

N-1 } which are mutually conjugate @ou G, the Hessan (matrix of second partia

derivatives) of E, then,
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WX Y N
AT
— s, OE(x)

:XO-ZO

T
S¢ G
However,

OE(x) =G x, +b

For simplification, define,
9 = O,E(X))

then,

T T
S G=S (Gx +Db)
k-1

T *
=s<<G<xo+ZAis1>+b>

T T
=5 (Gx,*+b) sinces Gs =0foradli<k dueto conjugecy

The expression forcan be written as,

N-1 T
s (Gxytb)s
XN:XO‘ZD T
- S« Gs

By theorem A.1,
N-1

.

S G %o

o=y S
™ 5 G,

Substituting (3.86) into (3.85),

(3.81)

(3.82)

(3.83)

(3.84)

(3.85)

(3.86)
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o &b
—-ZO T (3.87)

However, from theorem A.2,

N-1

S5

1

G _H_ZDT
S G s¢

which after substitution in (3.87) will give,
xy=-G b (3.88)

Equation (3.88) is equivaent to the Newton step which minimizes a quadratic
function. Therefore, Xy is the minimizer of E. This dows that the minimum of a
guadratic function can be readed in a most N linea minimizaions if these
minimizaions are done dong a full set of diredions mutually conjugate éou the
Hessan matrix of the objedive function. In genera, the method d conjugate
diredions provides quadratic convergence A few different conjugate diredion

methods are discussed in the following sections.

3.4.1. Fletcher-Reeves Conjugate Gradient Method

The Fletcher-Reeved48l conjugate gradient method enerates a set of seach
diredions 5,1 {0, 1, ...,N-1} such that 5 isalinea combination o g, andall s, j
0{0,1,...k-1} withthe combination weights picked such that s, is conjugate ebout
the Hessan matrix G of a quadratic objedive functionto al s, j 0 {0, 1, ..., k-1 }.

These weights (coefficients) are chosen such that only the two most recent gradients
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are nealed for their evaluation at ead iteration. This lution was readied by

influences from Hestenes and Sti&#8land Beckmai8l as noted in [46].

Reference [46] provides a method for finding conjugate diredions based onthe
two most recent gradients. Here aderivation is given for the cdculation d these
diredions, leading to the method d conjugate gradients due to Fletcher and

Reevek6l,

Write the diredion at iteration k+1, S¢+1, such that 51 is alinea combination

of the gradient g, and direction g
Skr1 = Ok T WSk (3.89)

where oy is a weight to be dhosen. Doing this for al k, s+1 becomes a linea

combination of gvyand § i 0 {0, 1, ...,k }.

In (3.89) wx shoud be chasen such that s¢+1 is conjugate to s¢ abou the Hesgan

matrix G of the objective function E(x), or,

J G50 e50
From (3.2),
T
T 2X
S =— (3.92)
Ay

and from (3.91), (3.18) and the definition of H (i.e. HZ 5

T 1

T 29,6

S = x (3.92)
)‘k
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Substituting (3.92) and (3.89) into (3.90),

T
2
O -
—fGlG(-9k+1+ua<%<)=0 (3.93)
)\k
or,
2
g
X (-Gt w0 5)=0 (3.94)

k

and for any arbitrary™,

ngT(‘9k+1+%%<):0 (3.95)
Write out all the terms in (3.95) using the definition of/Eg

Gt ot * O Gert + O Gt S~ A 5= 0 (3.96)

The A*K's are chasen such that they minimize E(x) in dredion s. Writing (3.79)
using (3.82) and (3.83),

(ka+b)Tsk+s|-<rG)\ksk:0 (3.97)

Using (3.2) in (3.97) and factoring oydls

T

S (Gx+b+G2x,)=0 (3.98)
or,

T , T

S (b+G(x +2x.))=5s (b+GXx,,) (3.99)

=0

However, from (3.82),

b+G X =iy (3.100)
Substituting (3.100) into (3.99),

T

S Gy =0 (3.101)

Writing (3.82) for any iteratioh,



g=b+GXx (3.102)

The transition from xto x using the argument in the previous section is given by,
-1

X, = X, + kaj s (3.103)
Substituting (3.103) into (3.102),
-1
g =b+G(x+ Zkhjsj) (3.104)
or,
-1 .
9 =0+ ZAJ S (3.105)

Multiply (3.105) from the left by,s; T,
-1

T T « T

S19 = SOt Zk%j S«1GS (3.106)
For conjugate directions and using (3.101) in (3.106),

T .

S 9=0 0Sk<I-1 (3.107)
and combining (3.101) and (3.107),

T S

S, g=0 0SkSI-1 (3.108)
Substituting for gin (3.101) using (3.89),

T T

Sk 1= (-9t W 1S1) Gag (3.109)
or,

T T T

Sk Gr1 ™ " O Ger T W Sicr Gk (3.110)

Using (3.108) in (3.110),
T
O 9:1=0 (3.111)

Substituting for gfrom (3.89) in (3.96),



T T T T
" Okt1 Y1 T O Girr ™ O Gerr G T O W Yt Sicn

T T (3.112)
+ 0 O O 0y W G S =0

Using (3.108) and (3.111) in (3.112),
T T
“Oe1 Ger t G G =0 (3.113)

Solving forwy from (3.113),

6.y
k+1 Jk+1
) =~ (3.114)

Ok 9%

Substituting forw from (3.114) into (3.89),

-
_ gk+1 gk+1
Se1T TG T & (3.115)

O 9%

Using (3.115, the Fletcher-Reeves conjugate gradient method could be

summarized by the following steps:

1. Setk=0ands,=-g,

2. Atthek iteration, find A, such thet ,,,, = X, + A, s, minimizes Eindirections,
T

Ok+1 G2
3 ST Gt

O %

4. 1f || s [le < € then terminate minimization

5. If k=N then goto step 1, Else goto Step 2

3.4.2. Partan's Iterative Conjugate Gradient Method
Partan's minimizaion method4¥ is another popuar conjugate gradient

minimizaion technique which has been used in developing many commercia
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minimizaion software padkages. The Iterative Partan method is described by the

following procedure.

1. Setg=- g atinitial point x

2. FindAL such that x= X, + AY, 5, minimizes E along the directiog s

3. Setg=-¢

4. FindAH such that x= x; + A5, s; minimizes E along the direction s
X, = X

5. Sets,= m

6. FindAL, such that x= x, + A5, s, minimizes E along the direction s

7. If the termination criteria for the minimization are not met then set X,

= Xz and goto step 1, Else, terminate minimization.

In pradicethe iterative methodis naot as eff edive & the foll owing variation which is

called the Continuous Partan method.

3.4.3. Continuous Partan Minimization Method
The Continuos Partan method5% has added a few extra steps to the iterative
Partan method which enhance the performance of the methodin pradice These steps

are as follows,

1. Do steps 1 through 6 of the iterative Partan method

2. Setg=-@
3. FindAS; such that x= x5 + AL; s; minimizes E along the direction s
X, - X
4. Sets, = 4 1
" X4 - Xl "E

5. FindA, such that x= x, + AL, s, minimizes E along the direction s
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6. If the termination criteria for the minimizaion are not met then set

X3= Xz and goto step 2, Else, terminate minimization.

3.4.4. The Projected Newton Algorithm
Zoutendij k> presented a gradient projedion method which is simmarized by

the following steps:

1. Let B = | and start from the initial statg.x
a T a T
2.P.=1-G, [G, G ] G,
T a. T
=P P 29029 Pa 29 29 Py
3. IfPcogk_Oletg=-R gk
4. Minimize E(x) in directions
5. If Pk gk = 0 and g = 0 then terminate
6. 1f (Pcgk=0andg_0) or k=N, then k=0,9xN and goto step 1
7. k=k+1, goto step 2
For a derivation d the projedion matrix of step 2 see reference [52]. The
abowve procedure is equivalent to a Quasi-Newton approach with the initial inverse-

Hessian approximation picked agland then updated by equation (3.116).

T T
20 He He 2

Hywp = Hy - (3.116)

=
20 He 29

This updete is equivalent to the method d Projeded Newton-Raphson gven by

Pearson?27’]
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Chapter 4

Minimization Techniques Requiring No Gradient Evaluations
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All the minimizaion methods listed in the previous chapters required evaluation
of the first gradient vedor. In neural network leaning, this requirement brings abou
the need for knowing the exad structure of the network and all of the conredions.
For large networks, it is very difficult to analyticdly evaluate these gradients. To
evauate the gradient of the objedive function with resped to weights and adivation
function parameters in the lower (close to inpu) layers, chain rule requires many
derivative evaluations. This difficulty becomes more serious when the number of
layers grows. On the other hand, objedive function evaluations can easly be
performed by the neural network whil e gradient evaluations canna be by the network
alone, in general. Thisisthe main motivation kehind the use of optimization methods
which require no gadient evaluations. The objedive is to minimize the neeal for
extra hardware/software for gradient evaluations and to have the neural network

circuit perform most of the cmputations. A speda advantage of gradient-free
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methods is that they do not require regularity and continuity of the objective function.

4.1. Search Methods

The optimizaion methods which were described in the previous chapters
require analytic evaluation d the gradient of the objedive function. In afamily of
optimization methods cdled seach methods, the diredions of minimizaion are
evauated solely based onthe objedive function values. In general, gradient based
minimizaion methods converge faster than gradient-free methods. However, when
many variables are involved, asin the cae of neura-network leaning poblems, the
analyticd evauation d the gradient becomes complicated. A popuar gradient-free

minimization scheme is discussed by the following.

Hooke-Jeeves and Wood Direct Search Method



The direa seach method as implemented by Hooke-Jeeved 53 and Wood>4 is
based onexploratory seachesin the diredions of independent variables one & atime,
while kegoing the rest of the variables constant. These methods are known to work
poaly when there ae terms in the objedive function invalving the product of a few
design variables[8 This makes the dired seach method a poa chaice for

application to the neural-network learning problem.

4.2. Gradient-Free Conjugate Direction Methods

There ae afew methods which use only oljedive function evaluations to
predict a seach dredion which is conjugate to ore or more diredions abou the
Hessan of the quadratic goproximation to the objedive function. Among these
methods are Rosenbrock's method, the Davies-Swann-Campey method ( a modified
verson d Rosenbrock's method), Smith's method and Powell's first and second
methods. These gradient-freeminimization techniques are discussed in more detail in

the following.

4.2.1. Rosenbrock's Method

Rosenbrock's method 9 starts with a full set of orthonamal diredions s, i O {
0, 1, ..., N-1 } which could be the diredions correspondng to the N independent
variables of the objedive function. It seaches aongthese diredions ( i.e. starts out
like the Hooke-Jeeves dired seach method) for a sufficient reduction in the objedive
function. After completing N seaches, it takes the fina value of the state x and
subtrads from it the initial value of the state. Let us dencte the value of the state

vedor after these N searches by x; anditsinitial value by x,. Following the previous

nomenclature,
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2Xo= X1 Xg (4.1)

/X, gives the new diredion sy upon nemalizaion and then a Gram-Schmidt

orthogoralizaion processas described in Appendix A is employed to oktain the rest
of the diredions s, i U { 1, 2, ..., N-1 } which are made orthonamal to s;. The

seach through al the new N diredions is repeded again and a new diredion is
found These s, diredions at every iteration ktend to line up with the principal axes
of the Hessan o the quadratic gpproximation to the objedive function ( eigenvedors
of G). This makes Rosenbrock's method similar to conjugate diredion methods in
convergence properties when applied to the minimizaion d a quadratic objedive

function.

This method hes a very serious problem with its applicability to pradicd
problems sich as the neural network leaning poblem. The seach dredions
generated by the method could sometimes beame zeo. In that case, the scheme fail s.
Davies, Swann and Campey made amodificaion to Rosenbrock's method to reduce

the chances of this type of failure.

4.2.2. Davies-Swann-Campey Method

Davies, Swann and Campey presented a variation d the Rosenbrock gradient-
freeminimization method which makes it more pradicd. This methodis named after
them and abbreviated to the DSC methodS6€l. In the DSC method, a gradient-free
linea minimizaion method is used to find the minimum of the objedive function
aong the N diredions in contrast to Rosenbrock's method that makes a mere
reduction in the objedive function. Ancther modificaion dore to Rosenbrock's

method is a reordering d the diredions which alows the retainment of norzero
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diredions sparate from the zeo dredions and minimizaion is dore in those

nonzero directions until termination occurs or all the directions become zero.

4.2.3. Powell's Methods
In most minimization methods, the state vedor is updated in a diredion (s, )

dictated bythe methodand alinea seach is used to find the optimum step size of the
update in that diredion (A,"). This update will be of the following form at every step

of the minimization,
X1 = X A S (4.2)

The main pupaose of the minimizaion agorithm is to find a sequence of
diredions in which to perform the linea seaches. If the objedive function is
guadratic, then the best set of diredions are in general the set which are mutually
conjugate éou the Hessan matrix of that function. However, since agradient-free
minimizaion scheme is intended, the Hessan matrix and even the first gradients are
not evaluated. This makes the task of finding a mutually conjugate set of diredions
very difficult. Powell in [57] states a theorem on conjugacy that helps him develop
an algorithm which tends to line up two conseautive new diredions of search with

conjugate directions.

Powell[57] devised two methods, in evolution from Smith's method 58], which
minimize the objedive function E(X) by successve linea seaches in dredions
which are generated by the methods and tend to become @mnjugate ebou the Hessan

of the quadratic approximation to the objective function E.
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These methods are based ontwo theorems gated by Powell[57] in the foll owing

manner:

Powell's Theorem 1:

"If qi, 92, ...,0m, M2 n, are mutually conjugate diredions, then the minimum of
the quadratic f(x), where X is a genera point in the m-dimensional space ontaining
Xo and the diredions qi, g2, ..., m, May be found byseaching aong eat o the

directions once only."

Powell's Theorem 2:

" If Xp isthe minimum in a space ontaining the diredion g and x is also the

minimum in such a space, then the direction-(Xy ) is conjugate to q."

Powell's paper provides the proofs to these theorems. Using these two

theorems, Powell presented his first method given by the following steps.

Powell's first method:
Setg = q.
1. FindA, which minimize E(X.q + A, S
and ¥ = X1+ Ay &
k=1, 2, 3, ..., N
2. Replaceghy 5,4 for k=1, 2,3, ..., N-1
3. Replacegby Xy - Xo
4. FindAy which minimizes E(+ Ay Sy )
5. Set x = Xy + Ay Sy and goto step 1
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This procedure finds points X1, ..., Xy Which minimize the quadratic
approximate of the objedive function in the sy, ..., sy diredions and generates the

new direction,

XN~ %o

N1 Ty o 3

This procedure makes up ore iteraion o Powel's firss method  Through
renumbering, the procedure is repeaed for the new diredions g, ..., sy.  Powell
claims that after N iterations, the minimum of the quadratic function is readed.
However, this clam has been shown by Zangwill [59] to be falsein general. Zangwill
provides a wurter example in [59] for which Powell's method will never converge to
the minimum. This lak of conwvergence is due to a mistake in the statement of
Powell's first theorem. Powell's methods could sometimes generate linealy
dependent diredions which will not span the eitire space To corred for this
mistake, Powell states that sometimes it is not wise to accept any new diredion
provided by hismethod Zangwill givesa wrredion for Powell's first theorem which
would solve this problem. He states that in theorem 1, the diredions qi, g, ..., Om,
must be such that they span the entire m-dimensional space This gives the
motivation kehind hHs soond minimizaion method This method as smplified by

Zangwilll>9] is as follows.

Powell's second method:

Set sl = g, x1; is picked, €: 0<e?1 is given as the aceracy for acceting a
direction

ol=1andr=1

1. Fird A", which minimize E(%._; + A" S})
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and ¥ = X1 + A" 9
k=1,2,3,..,N
2. Definea" = || Xy - X || and §41 = ( Xy - X))/ '
3. FindA"y,1 which minimizes E(%; + A'ns1 Inet)
4. Set X1y = X1 = X'y + A st Inet
5. Mg=max {A" | k=1,2,3, ..., N}
6. If AT, &/ a" 3 € then
gt =4, fork_s
g+l = g+l

6I‘+1 = )\I‘SBI‘/ af

~

If A" 0"/ a <€ then
Sr+1k = gk for k = 1,2,3,...,N
6r+1:6r

8. r=r+l, gotostepl

In the above gorithm, " is the determinant,

8 =det([Sy Sy Sy 1)

For r=1, sincethe diredions &, k 0O{ 1, 2, ...,N } coincide with the mlumns of
the identity matrix, the determinant & = 1. Asthe method pocedds in iterations, the
objediveisto find aset of diredionswhich would have the largest determinant, for if
the determinant approaches zero, then the set of diredions approach a linealy
dependent set. When a new diredion Sy+1 is foundthroughstep 3, if it replaces any
diredion S, then the new determinant of the diredion set will be given by &+1 =

Ar/ar . Sincethe size of this determinant is largest if the largest A is used, then

the diredion that shoud be replaceal with the new diredion shoud be the one that

corresponds to the largest linear step A's. However, if this new determinant is ®en to
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be small er than some cmputational tolerance g, then repladng any dredion with this
new diredion will make the new set of diredions linealy dependent. In this case, the
new diredionis regeded and minimization takes places again with the previous st of

directions.

In addition, in [60], Fletcher gives a modified version d Smith's method which

makes it a rival of Powell's methods.
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Chapter 5

Simulations and Results
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Computer simulations of leaning have been dore using Quasi-Newton,
Conjugate Gradients, and gadient-free methods. In all the smulations, inexad line
seaches have been used urlessindicaed atherwise. Inexad line seaches provide
methods with less function evauations if the minimizaion methods are robust
enough In the tables of this chapter, E is the final value of the objedive function, P
is the number of presentations of al inpu patterns which is equivalent to the number
of evaluations of the objedive function, and G is the number of new diredions
generated by the scheme which for Quasi-Newton methods is equivalent to the
number of updates made to the inverse Hesgan estimate and the number of gradient
evauations. Findly, Fisthe number of floating pant operations. In these tables, for
the caes in which locd minima were readed, only E is given. In addition, alist of

the abbreviations used in this chapter's tables is given in Appendix B.

5.1. Quasi-Newton Methods

Computer simulations of the weight and adivation function parameter
adjustments have been dore using all the described minimization schemes as applied
to the dasscd XOR problem and an encoder. The input and desired ouput patterns
for these two problems are given in tables 2.1 and 51 respedively. The achitedures
used for the XOR and encoder problems are dso gven in figures 2.1 and 53. Two
important measures of the performance of the minimizaion agorithms are the
number of times the inpu patterns have to be presented and the total number of
floating pant operations necessary to achieve @nvergence Some Quasi-Newton
methods such as BFGS, SSVM, and Davidons updates work well with inexad line
seaches and there is no pant in dang a lot of function evaluations within a line
seach subproblem. The performance of some methods sich as the DFP method is

however much better when an exact line search is done.
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5.1.1. Classical Quasi-Newton Methods

The results of the mmputer smulation d the dasscd Quasi-Newton methods
of the Broyden family with no scding are given in table 5.2. Termination d the
minimizaion took dacewhen E < 1e-5 o when [E,, - E¢| < 1e-6. In the tables,
XOR | and XOR Il correspondto the XOR problem when the first and second set of

initial conditions were used respectively (see figures 5.1 and 5.2).

]

|

figure 5.1 (Initial State for the XOR | Problem)

|

= O Kk O
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N H

figure 5.3 (Neural Network Simulating the Encoder Logic of table 5.1)
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The first set of initial condtions in the XOR problem were posshly close to a
ridge in the objedive function. This introduces a handicgp for the Stegpest Descent
technique. However, most Quasi-Newton methods tested show a good performance
in finding alocd minimum (two orders of magnitude better than the Stegpest Descent
method) Peason Il and BFGS find the global minimum in very few number of
iterations. For the secnd set of initial condtions used in the XOR problem, Stegpest
Descent does an arder of magnitude better than the first set. However, the Quasi-
Newton methods dill have amuch better performance  Again, Peason Il and BFGS
provided a nea global minimum. However, the DFP, Broyden and Projeded
Newton-Raphson (Zoutendijk) methods also converged to the nea global minimum
much in the same spead as BFGS and Peason Il for XOR II. A performance similar
to that in XOR | is $hown in the encoder problem with Peason Il and BFGS in the
leading paitions. Also, it is sen from the final values of the objedive function that

Quasi-Newton methods converged to pdnts much closer to the global minimum ( E =

0.
11 (12| 13| 14 Desired Outplt
111 1 1 0
110 1 1
110 1 O 0
ofof 14 o 1
oo o O 0

table 5.1 (Encoder Logic)
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BR. | DFP|BFGS| PR Il PR 1lII| PNR| GR I |GR Il | SD
£ | 0-9560.666 4e-164 6e-7|0.989(0.955| 0.989|0.989| 2.8e-5
XORI| p| - —]| 15| 36 | - | -— | - |-— | 8553
G|-—| —| 6 |11 | | | - |- | 8465
F|--—-| -] 25e422e4 — | - | — | — | 8e6
E | 8e-63.5e-6 9.6e-62e-4 | 0.952| 0.014 0.226| 0.22q 7e-6
P | 84 | 58 == | - | 163
XOR II 53 | 108 31
G| 20| 17| 15 |24 8 e | = | B2
F | 6e4|7.7e4 7.3e4| 6.5e4 ---- |6.5e4| -—- | --—- | 10e5
E |10.9560.599 1e-17|1.5e-71.092| 0.500 1.098 1.163 8e-5
Encodet P |~ | — |36 |54 | -~ |- | -— |-— |1352
G|-—|-—|11 |16 | — | = |- | - | 1194
F |- | — |5.1e5| 1.4e§ - - | - | 3.8e6
table 5.2 (Results of Classical Quasi-Newton Methods)
BFGS| PRIl |O(1,.1)0(1,.2)O(1,.3)O(1,.5)O(.5,.5)
E| 4e-166e-7 | 9e-9 | 0 0 ---- | 8e-7
XORI | Pl15 |36 |12 |8 | 11 | .. | 13
G| 6 11 | 4 3 |4 | .| °
E|1le-17| 2e-7 | 7e-6 | 8e-6| 3.7e-6 2e-11 1e-8
Encoder| p| 36 | 54 | 30 | 42 | 33 | 20 | 28
G| 11 16 9 13 | 10 6 9

table 5.3 (Results of Oren's SSVM method)
* O(g,0)'s denote the two parameters of equation 3.46.
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5.1.2. Self-Scaling Quasi-Newton Methods

Table 5.3 presents the results of a set of smulations for the purpose of
comparison ketween classcd and SSYM Quasi-Newton techniques as applied to
neural network leaning. Two important measures of the performance of the
algorithms in this
comparison are the number of times the inpu patterns had to be presented (P) and the
number of updates which were made to the initial guess for the inverse Hessan

matrix, to achieve convergence (G).

In picking the parameters p, and 6,, a trial and error method was used. The

switching method d [34] did na perform well compared to pre-chosen constant
parameters. This result agrees with experiments dore by Orenl34. (e.g. the number
of presentations and inverse-Hessan updites for the encoder problem were 77 and 30
respedively, when this switching was dore.) Also, the switching methods of [35]
which were demonstrated to have dore well were not used here due to their
impradicdity for neural networks. In these switching methods, an updite of the
Hessan matrix shoud be kept as well as the inverse Hessan. This would require a

lot of memory when a large network is involved.

Computer simulations of the (Quasi-Newton with initial scding) leaning have
been dore using 352 and 355 for initial scding d the gproximate inverse-Hessan
matrix with the BFGS algorithm as applied to the dasscd XOR problem and an
encoder. For the XOR problem, two dfferent set of initial states were dosen.
Results of the computer simulations are given in table 5.4. Results are compared to

those obtained for the BFGS agorithm. BFGSa and BFGSh in table 5.4 correspond
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to BFGS with initia scdings (3.52) and (3.55) respedively. Termination d the

minimization took place when E < 1e-4 or wher} - Ex | < 1le-5.

Presentations

BFGS BFGSa BFGSb
E 4e-16 | 7.27e-5 0
XORI | p 15 14 9
G 6 6 4
F | 2.5e4 2.5e4 1.7e4
E |9.6e-6 8.83e-5 3.7e-5
P 37 49
XOR I 53
G 15 10 13
F | 7.3e4 5.0e4 6.49e4
E |1le-17 1.65e-8 4.82e-6
Encoder|_P 36 36 35
G| 11 12 12
F [5.1e5 5.57e5 5.58e5

table 5.4 (Results of BFGS Method with Initial Scaling)

XOR |

S.D.

Il Presentations

Bl Dir.'s

Pearson Il BFGS BFGSb SSVM

Methods

figure 5.4 (Comparison of the Performance of Quasi-Newton

Methods for the XOR | Problem)
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Encoder

10

B Presentations

B Dirs

Presentations

S.D. Pearsonll BFGS BFGSb SSVM
Methods

figure 5.5 (Comparison of the Performance of Quasi-Newton
Methods for the Encode Problem)

5.2. Conjugate Gradient Techniques

Table 5.5 presents the results of the Fletcher-Reeves, Iterative Partan, and
Continuows Partan conjugate gradient methods applied to the leaning in the XORI
and XORII problems. As shown by the table, the Fletcher-Reeves methodis the most
efficient technique anongthese mnjugate gradient methods. These results have been
obtained in acwmrdance with exad and inexad line seaches. Results $how that these
methods work much better when an exad line seach is employed. When applied to
the encoder problem, al the methods failed to read a nea global minimum and
converged to a number of different locd minima. Therefore, these results were not
included in table 5.5. For smplicity of comparisons, in figure 5.6, the number of
presentations necessary for conwvergence of leaning have been graphed for the
Fletcher-Reeres (F-R) and Continuows Partan methods as applied to the XOR |

learning problem.
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Fletcher-Reeves lterative Partary Continuous Partdr
Ex/LS| Inex/LS| EX/LS|Inex/LS| EX/LS| Inex/LS
E (8.01e-4 0.7885| 0.963| 0.963 | 8.9e-6| 0.985
P 98 | - | e | - 154 | -
XORI
G 18 23 | -----
F 4e5 | - | | ---- 5.6e4 | -
E [8.33e-69.97e-6| 0.985| 0.096 | 0.096 [ 0.0167
P 64 | 375 | cooce | oo | e | mee-
XORII 375
G 19 o751 NN (R (S I [ ——
F 3.6e4 | 3e5
table 5.5 (Results of Conjugate Gradient Methods)
XOR |
104+
103
(2]
S
©
£ 102
&
a
101
100

BFGS  SSVM F-R C.P.
figure 5.6 (Comparison of the Performance of Conjugate Gradient
Methods with Quasi-Newton and S.D. Methods)

S.D.

5.3. Gradient-Free Techniques

Computer simulations of the leaning have been dore using Powell's first and
seond agorithms for minimizing the objedive function E of the XOR problem.
Results of learning based onPowell's methods are compared to those of table 5.2 for
the stegoest descent (S.D.) and the BFGS algorithms. These results are given in table

5.6. Termination d the minimizaiontook dacewhen E< le-4 o |E.,q - E | <1le

5.



S.D. [BFGS Pwli1 | Pwli2

E|l 7e-6|9.6e-6 g 1.5 1e-4

P| 163 | 53 | 411 | 337

Gl 52 |15 |2 |1

Fl1e5 | 7.3e47.7e4| 6.2¢e4

table 5.6 (Results of Powell's Gradient-Free Methods)
The table shows that the second method d Powell had the best performance and it
required less floating pant operation than any other method , for convergence
However, in general, bath methods of Powell performed satisfadorily, spedally
considering the fad that only function evaluations were required. Figures 5.7 and 58
show a bar chart comparison among the methods of table 5.6 for the number of new
diredions and number of floating pant operations (FLOP's) required for

convergence. Powell's second method required the least of both measures.

XOR 1l

60

50 T

30 7 B Dir.'s

20 1

Dir.'s

S.D. BFGS Powell 1 Powell 2
Methods

figure 5.7 (Comparison of Number of New Directions Found
for the XOR Il Problem Using Powell's Methods)
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FLOP's

XOR 1l

le+5

le+57
8e+4
6e+4]
de+47]

2e+47

Oe+0-

S.D. BFGS Powell 1 Powell 2
Methods
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B rLoprs

figure 5.8 (Comparison of Number of FLOP's Required
for the XOR Il Problem Using Powell's Methods)



Chapter 6

Conclusion
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Looking at the state-of-the-art in neura network leaning, a need was noted for
faster leaning algorithms. For general nonrquadratic objedive functions, stegest
descent techniques are known to perform well, away from the minima aad Newton's
method works well, in the vicinity of the minima. Therefore, for a fast leaning
algorithm, one shoud take alvantage of the best of the two methods. In Newton's
method, evauation and inversion o the Hessan matrix pose adifficult and time

consuming problem.

6.1. Quasi-Newton Methods

Classcd Quasi-Newton methods dart off with an estimate of the inverse
Hessan matrix equal to the identity matrix. This matrix provides the Steguest
descent diredion. As patterns are presented, the Quasi-Newton methods provide an
update to the inverse Hesgan matrix. This will in the limit provide ax opimal

direction of descent based on the momentum of the inverse Hessian matrix.

Results $1ow an increese in the rate of convergence of abou two to threeorders
of magnitude from the Stegpest Descent tedhnique to Quasi-Newton methodks.
Peason Il and BFGS showed the best performancein all the dasscd Quasi-Newton
methods smulated. Other Quasi-Newton methods converged to locd minima which
does not show any wegnesson their part.  The problem with locd minimais faced
by al leaning algorithms gedally with neural networks which contain lots of locd
minima by neture. The condtion numbers of the inverse Hessan approximates given
by the BFGS method were in average lower than those of the other classcd methods
such as DFP, etc. This explains in part the better convergence rate of the BFGS
algorithm. Theinitia state of XORI and its final state given by the BFGS leaning

algorithm are provided in figures 5.1 and 6.1 respectively.
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The Peason Il agorithm is a much smpler algorithm than BFGS and therefore
uses lessnumber of floating pant operations ( thoughmore iterations ) to converge.
However, Peason Il does not guarantee a postive definite inverse Hessan
approximation while BFGS does, provided the right line seach is used (see sec
3.3.3.) Therefore there is atrade-off between the number of floating pant operations
and the cnfidence on pative definiteness of the inverse Hessan approximation

(descent in direction.)

Results $1ow an increase in the rate of convergenceof upto 100% in the cae of
SSYM methods over BFGS and Peason Il. SSVM updates are known to perform
well espedaly for problems with a large number of variables[28 This fad is
illustrated by the outstanding performance of the SSYM method compared to BFGS
in the encoder problem where the size of the state vedor "x" is 25. The SSVYM
algorithm of Oren and Spedicao generated inverse Hesgan approximates which had
even lower condtion nunbers than those generated by the BFGS method Again, this

is a predominant reason for their superb performance.

Quasi-Newton methods with initial scding d the gproximate inverse Hessan
matrix are known to perform well espedally for problems with a large number of
variables[36] Thisfaa isill ustrated by the outstanding performance of the BFGSa in
XOR II and BFGSb in XOR | compared to BFGS withou initial scding. However,
no major change is e in the gplicaion d the initial scdings to the encoder
problem. Thisis due to the faad that the initial scding fador comes out to be very
close to "one" meaning that the identity matrix is the best choice for the initial guess

of the inverse Hessan matrix. Optimal condtioning introduced by the initial scading
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is dso an important reason for the accéeration d conwvergence of the BFGS

algorithm.

Figures 5.4 and 55 show a cmparison d the number of presentations and the
number of FLOP's required for convergence anong stegpest descent, Peason I,
BFGS, BFGS with initial scding, and SSYM algorithms for the XOR | and encoder
problems. Note that the dharts are provided ona logarithmic scde and show two to
three orders of magnitude reduction in the number of presentations and FLOP's from

the steepest descent technique to the Quasi-Newton methods.

6.2. Conjugate Gradient Methods

Among the mnjugate gradient methods tested, the Fletcher-Reeves method
showed the best performance. However, as ®e in the results of the smulations, all
conjugate gradient methods worked well with exad line seaches and took much
longer to converge when an inexad line seach was used. Conjugate gradient
methods require less memory space for operation than bah Quas-Newton and
gradient-free methods and a little more than the Steegpest Descent technique.
However, there is a trade-off becaise of the need for an exad line seach. These
methods $howed to be much more superior to the Stegpest Descent technique in their
rate of convergence spedally considering the fad that they do nd require much more
memory space ompared to the Stegpest Descent. The performance of the cnjugate
gradient methods is gill much worse than those of Quasi-Newton methods and the
fad that inexad line searches could be used with Quasi-Newton methods makes them
much more dtradive than conjugate gradient methods even with the higher

requirements for memory space.
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6.3. Gradient-Free Methods

A quantitative cmparison ketween Powell's methods and the methods of table
5.2 isnat very informative for the reason that the whale purpaose behind gadient-free
schemes is to avoid gadient evaluations. Steepest descent, Quasi-Newton, and
conjugate gradient methods make first gradient evaluations and aher costly
computations such as updating the inverse-Hessan approximate. With these pointsin
mind for leaning in neural networks, the gradient-free methods could prove more
efficient than the techniques using gadients. An important feaure of these gradient-
freemethods is that as long as the weights and adivation function parameters of the
network are dhangeable, the leaning schemes do nd require any knowledge of the
internal structure and conredivity of the neurons. This makes the leaning algorithm

very general in its usage and easy to implement for almost any network.

Figures 5.7 and 58 show comparisons of the number of new diredions and the
number of floating pant operations (FLOP'S) required for conwvergence among
Stegpest Descent, BFGS, and the Powell methods. Powell's scond method required
the least diredion evaluations and FLOP's. It shoud aso be noted that most of the
FLOP's were required by oljedive function evaluations in Powell's methods and by
seach dredionevauationsin gradient methods. In a neura network, the least costly
operations are, by design, those of function evauations. This makes Powell's
methods much more dficient in pradice than what is depicted by avail able figures

from simulations.

For leaning control of repetitive processes, which will be discussed in detail in
the next part of this thesis, the gradient-free leaning techniques make it possble to

include the mntrolled pant in the network as an additional neuron (Figure 6.2).
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Leaning with this configuration is not possble when gadient based leaning
schemes are used, since the plant is considered to be unknonvn and its derivatives are
therefore not available. However, with gradient-free learning tedhniques discussed
here, the output error of the plant could be minimized where in figure 6.2, the y's and

Yq'S are supervedors of adua and desired ouputs respedively, containing data for all

sample points in a repetitigeee section 7.2)

0
1
1
0

-7
] Max Error - 1 x 10

-37.1294 44.2178

27.5489

-49.0998

|

59.5915

|

hr RO O

|

figure 6.1 (Final State of the Neural Network Simulating
the XOR Logic as Produced by the BFGS Method)

|

= O O

6.4. Choosing From Available Minimization Methods

SSYM Quasi-Newton methods an to be the best choice when gradients are
ealy available and Powell's £mnd method when gradient evaluations are expensive
or impossble. However, a drawbad of the proposed methods is the large memory
size nealed for retaining the inverse Hessan matrix or set of diredions respedively.
This problem can be solved in part, for Quasi-Newton methods, since the inverse

Hessan is ymmetric and nd al the dements need to be kept in memory. However,
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for problems with large number of neurons, this gill poses a limitation. If memory
storage is gill a problem, then the best method would be the Fletcher-Reeves
conjugate gradient method with an exad line seach. Although with the price of

memory going down, one may still favor methods which result in greater speeds.

Y,
Yq
Plant al

O, |

O
Learning Algorithm
1
y d1 y d2

figure 6.2 (Control of a Repetitive System using Neural Networks)



Part |l: LEARNING CONTROL
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Chapter 7

Learning Control through Numerical Optimization
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7.1. Introduction

In this chapter, a time variant, discrete-time model of the leaning control
system is devised in the form of a system of linea algebraic equations relating the
change in the state of the system to the change in the cntrol adion from one
repetition o the task to ancther. This st of linea equations gives the transition
between any two repetitions. This g/stem is then solved for the gpropriate wntrol
adion that will minimize the tradking error of the controlled dyramic system, only
requiring the availability of the order of the system, withou any prior knowledge of

the system parameters. This leads to a learning-adaptive controller.

7.2. Problem Formulation
We nsider a genera discrete-time linea time-varying a time-invariant
system,
k a k k k 71
X (t+1) = A(t) X (£) + B() u'(t) + w (t) (7.1a)
Vi) =ctH) X @) t=0,1,2 ...,p1 k=012.. (7.1b)

where the state, x, is n-dimensional, the cntrol, u, is m-dimensional, the output,y, is
g-dimensiona (g®m), t is the time step in the p-step repetitive operation, and kis the
repetition number. For simplicity, the dimension n d the system is assumed knaown,
but generali zation to just knowing an upper bound on ris easily considered. Also, A,
B, C, and wk are asumed unknawvn -- otherwise one muld determine in advance what
control to use to minimize tradking error, and there would be no reed for leaning

control.

In the leaning control problem (as contrasted with the repetitive ntrol
problem in [11]) the system is assumed to always gtart from the same initial state in

ead repetition d the task. Matrix A includes any state or output feedbadk control
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present in the system and the symbal UK is reserved for the signal added to the cntrol
for leaning puposes. A time varying model is considered becaise many
applications auch as in robaics invove norinea dynamic systems which when
lineaized produce linea models with coefficients that vary with time step, and vary
in the same manner ead repetition. In such repetitive operations it is often the cae
that there will be disturbances wX(t) that repea with ead repetition o the task, and
the leaning can be made to aso corred for this urce of errors in a natural way.
One of the purposes of the feedbadc control is to handle aly nonrepetitive
disturbances, and these will be ignaed for purposes of designing the leaning
controller (some analysis of the dfed of random noises in leaning control can be

found in [13]).

The solution to (7.1) can be written as,
t t t
k
kea=([ o o+ Y ([Fodeodo o) @ (7.2

0 [E =
where the product symbd is taken to gve the identity matrix if the lower limit is
larger than the upper limit. Let p be the total number of time steps. Defining a
difference operator 3 z(t) = Z(t) - z0(t) for any variable z and wsing the fad that

xK(0) and w(t) are repetitive, one can write,

y=y’+P8u (7.3)

where,

yk = ykT(1) yT(2) ... y<T(p)IT
uk = [ukT(0) ukT(1) ... ukT(p-1)IT
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C(2)B(0) 0 L 0
o C(2)A(1)B(0) C(2)B(1) 0
C(PAP-1)A(P-2)...A(1)B(0) - - - ... C(p) B(p-l)_

The objediveisto find a change in the cntrol at ead repetition kthat will, as k

progresses, minimize the quadratic error function
k T &
f(ou)=(y -yp) (¥ -¥p) (7.4)
where yp is the desired ouput history for the p-step process In previous work on

leaning control in dscrete systems [13-1561] as well as in the extensions of these
papers for journa pulication, attention hed to be direded to the problem of ensuring
that the spedal desired trajedory was in fad a feasible trgjedory for the system to
perform. For example, one method invalved asauming knowledge of the system
dimension n and assuming the system is controll able, and then spedfying the desired
measured ouput variable history every n steps, which guaranteed to be afeasible
spedficaion by modern control theory. In the present approac these condtions can
be relaxed if oneis stisfied with minimizing (7.4) rather than insisting that (7.4) be

driven to zero.

Substitute (7.3) in (7.4),
.
.U =(Y +Pau-yp) (Y +Pau-yp)

T T T T T (7.5)
=3u (P P)du+23u [P (YO‘YD)]+(y0‘yD) (yo‘yD)

Note that the gradient of this objedive function and the Hesgan matrix of second

partials are,
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df T T o
=2P P& u+2P (y -y,) 7.6
d (3, u) k b (7:6)
2
df T
— |=2P P (7.7)
d(3.u)

It is now possble to charaderize the norlinea optimizaion poblem

represented by our learning control objective. We wish to

1. minimize afunction which is known to be quadratic in the @ntrol change
variabled,u,

2. but the first derivative of thisfunctionis naot diredly avail able, becaise we do
not know the system matrices A, B, C, and hence do not know P,

3. and the second derivative is similarly unavailable.

Having charaderized the problem, here ae some preliminary assessments of the

possible approaches to the learning control problem as formulated here.

7.3. Quasi-Newton Methods

Over the last coude of decales various finely tuned quesi-newton based
methods have been generated for the minimizaion d unconstrained norinea
functions. Among these methods are the rank 1 Broyden method DFP, BFGS, and
other members of the Broyden family of methods as well as SSYM methods ( see
chapter 3). An important charaderigtic of these methods is the use of the iterative

process to approximate the Hessan matrix so that no explicit expresson for the

semnd drivative is needed. If we could evaluate the first derivative df/d(d,u), then

the BFGS method would converge to the optimal §u in approximately mp
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repetitions. One might note that if one adualy knows the df/d(d,u) of (7.6), then ore

could equate it to zero and solve for u and oldain the optimal du in ore step --

something which could be classified as a Newton method in numerical optimization.

Since we do nd know df/d(d,u), one can consider the use of Quasi-Newton

methods with approximation d the gradient obtained by a finite diff erence method
In order to oktain these diff erences for al of the mp elements of the gradient vedor it
would require goproximately mp repetitions of the task to make one evaluation d the
gradient vedor. The total number of repetitions required for convergence would
exceal (mp)2. This makes sich methods a poar chaicein leaning cortrol. Methods
that do nd require the use of a gradient in picking the seach dredion are cdled for.
Note that the same difficulty eliminates the use of stegoest descent and conjugate

gradient methods.

7.4. A Direct Search Method

A method which daes nat require knowledge of gradients, is the dired seach
method d optimization as expressed by Wood [54 and later by Hooke and Jeeves
[53. The dired seach method takes advantage of the quadratic nature of the

objective function is as follows:

1. Pick mp orthogoral diredionsin the §,u space For eat of these diredions

in succession, perform the line search as in the next steps.

2. Take astep alongthe chosen dredion in g u space and apply the resulting

control in the next repetition. Evaluate f from the data of this repetition.



3. If f deaeeased pick ancther step in the same diredion, if it increassed pick a

step in the opposite direction, and apply to the system.

4. Since the quadratic objedive function surfacein the plane of the dosen

diredion is a parabdla, the data from 2 and 3 determines this parabola, and can be

used to find the minimizing,u for this direction. This completes the line search.

5. Return to 2 with the next direction.

This agorithm will im prove the tradking every threerepetitions, provided there
is no nase in the measurements. There is no guarantee for a finite @nvergence
unlessthe diredions of seach are mutually conjugate @ou the Hessan matrix of the
guadratic objedive function. Care must be taken to avoid large disturbances to the

repetitive process during the line search.

7.5. Conjugate Direction Methods

If the unidimensional seach of the last sedion were used along mp mutualy
conjugate diredions, then in the asence of noise, the system would converge dter
minimizing the quadratic objedive function in all these diredions. There ae afew
conjugate diredion methods avail able in the literature.[5557-601 These methods dart
with a set of mp orthonamal diredions which could be @incident with the mlumns
of an mpxmp identity matrix. Then, by dang undimensiona seaches in these

directions, a new set of directions is generated.

Rosenbrock'd5S method povides a diredion coincident with ore of the

eigenvedors of the Hesgan (H) matrix. Eigenvedors of H are mutually conjugate
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and pant in the diredion d the minimum of the quadratic objedive function. One
such eigenvedor is readed after mp undimensional seaches alongthe orthonamal
diredions. The rest of the mp-1 dredions are found by @ing the Gram-Schmidt [62
orthogoralization pocedure.  This cycle is then repeaed to provide ancother
eigenvedor of H. There is no guarantee that the @genvedors are not repeaed.

Therefore, there is no general finite convergence proof available.

Rosenbrock's method might converge to a non-minimum point in which case
the method lreks down. To avoid o delay the failure of the minimizaion
procedure, the method dwe to Davies, Swann, and Campey [56] (DSC) uses a
renumbering system for the diredions of seach. Another method dwe to Powell (see
4.2.3) provides a diredion set with ore of the diredions conjugate to the
complementary mp-1 diredions. This st is obtained after a ¢ycle similar to that of
Rosenbrock and DSC.  However, Powell's method das not require avy
orthogoralizaion pocedure dter every cycle and it never bre&ks down as

Rosenbrock and DSC methods do.

None of the @ove methods guarantee afinite cwnwergence since the man
diredion after ead cycle might be linealy dependent on dredions obtained in
previous cycles. However, if the set of diredions are linealy independent, then the
function minimization will converge within mp(2mp+1) repetitions. Powell's mnd

method provides this rate of convergence.

7.6. Generalized Secant Method

7.6.1. Formulation
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Writing equation (7.2) for successve repetitions k and k+1 and subtrading them
from ead ather and asuming that disturbances wk are repetitive with a period o p

and that the initial conditions are repetitive from repetition k to k+1, we can write,

P(uk+1_uk):yk+1_yk (7.8)
and define,

ek:yk-yOI (7.9)

vk = uk+1 - uk (7.10)

Then equation (7.8) could be rewritten as,

k k+1 k
Py =¢ -e (7.11)

Suppcee that there exists sme change in ou inpu veador which would lead to a zeo
tracking error at the next repetition, ek+1=0, then equation (7.11) for that input change
could be written as follows,

L |
oo (7.12)

If Pk is an approximation to P at th# kepetition, then one can write,
kk_ Kk
PV =-e (7.13)
where vK is a change in control vedor at repetition k that would use the information
in the gproximation to P, P, and result in an &*1 which is zero (or is minimum F

norm as will be discussed later.)

Let us sy that we ae provided with an initial guess of the P matrix at the
zeroth repetition,

PAVO= ¢ (7.14)

then, vO could be solved for, by using the aror vedor €0 provided by the red system

using control vectorQ
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Generaly, an exaa vO might not exist, but a minimum error solution could be
obtained for v0 by using the Moore-Penrose pseudo-inverse in the sense that vO would
minimize,

00 0O
[P Vv +e |
namely,

v=-P e (7.15)

If we keep (7.13) satisfied for all k, then we could write,

V=Pl for al k (7.16)

minimizing || ff vk + & ||

At any repetition k, the actual system parameters P could be written as,
k _k
P=P'+D (7.17)

where [¥ is a matrix of corrections forkrit each repetition k.

Substituting for P in equation (7.11) from (7.17),
(Pk+Dk)Vk:ek+1-ek (718)

or,

PV + D= &M (7.19)

Solve X vk from (7.19),

D¢ vF= &l L PAVE (7.20)

Since é&*1 is the aror through the introduction o uk*l = uk + VK, then the only

unknown in equation (7.20) is the correction matrix D

One solution to (7.20) would be,



k+1 KT

k (e -ek-kak)z

D =
kT k
zZ Vv

(7.21)

where ¥ are chosen in the following wiH:

- If k 3 mp-1 then zX is chosen arthogoral to the previous mp-1 control steps vk-
mp-1 Wl

- If k < mp-1 then ¥is chosen orthogonal to the available k steps..v, 1.
One posshle choiceisto pick zk asalinea combination o VO, ... , vk which would be

orthogonal to all & ..., 1

A few orthogoralization methods are available in the literature which may be
used for the adual evaluation d the zvedors. These include the well-known Gram-
Schmidt orthogoralization poces$62 and a more alvanced technique due to
Fletcher[63 in which the number of vedors in the set are likely to be increased or

decreased.

Then wsing an orthogoralization method and equations (7.16), (7.17), and

(7.21) the following recursive algorithm will be generated,
Vo= pHT (7.22)

kt1 k _k k, kK
Pk+1_Pk+(e -e-Pv)z
- KT K (7.23)
zZ v

7.6.2. Convergence
The set of ¥ picked in equation (7.23) has the property that
K j .
DV =0 0S5k < mp-1 (7.24)

therefore,

k+1 j j+1 j+1 k j
PJer:[I3J+ +D7+ . +D ]vJ
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=p* 08kj<mp1l (7.25)

Now assume that some n 2mp is the maximum number of linealy independent
v'swhich could be foundand thus v is alinea combination d all previous n linealy
independent control steps. Then,

n 0 nl

V=0,V +...+0 Vv (7.26)

From equation (7.26),
n1

PV = Z o PV (7.27)
Also,

Py = Py 08j3iSn-1 (fromeg. 7.25)
= eﬁl - é (fromeq.'s 7.19 and 7.23)
=P \/ (fromeq. 7.11) (7.28)

Substituting (7.28) into (7.27),
n-1

P”v”:PZaj\/
J:

P'v'=pV" (7.29)

or,

Using equations (7.11), (7.19), and (7.29),

et =P\ (7.30)
gt d'=py" (7.31)

If v satisfies (7.13), then,
o _a=.¢g (7.32)
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which means that €1 must be zeo. However, if v only satisfies (7.13) in aleast F

norm sense, ther& would have a minimum F norm, or,
n+

et=py + ¢ (7.33)

where, é*1 has minimum F norm.

If n (the rank of PO-P) is equal to mp, then after mp+1 repetitions of the task, a
minimum F norm tracking error will be ahieved. Of course, n, the rank of PO-P
may be less than mp in which case if the diredions in PO containing the crrea
portions of P are given, then n would be lessthan mp by that number of corred
guesses. However, if oneisnat sure of hisinitial guessfor the P matrix, then mp+1

is the maximum number of repetitions before convergence.

7.7. Simulation and Results

The leaning control algorithm based on the Generalized Secant method was
tested ontwo norinea dynamicd systems. These systems are aNon-linea Mass
Spring-Dashpa and a One-Degree of- Freedom Penduum with damping. The detail s

of these systems are given in the following two sections.

7.7.1. Non-Linear Mass-Spring-Dashpot (NLMSD)

The smulated NLMSD dynamics is given by the following dfferentia

equation:
ma+c(l+a)a+(kla)a=T (7.34)
where,
Mass:
m = 1.0 kgr

Spring Constant:
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K =1.0 N/m
Damping Constant:
c=1.0Ns/m

The mass was asked to follow the trajectory of figure 7.1.

Desired Coord. for Pendulum/NLMSD

Radians/Meters

—] T T
0.000 0.005 0.010 0.015
Time (s)

figure 7.1 (Nonlinear Desired Trajectory Used
for the Systems of Chapters 7 and 8)

7.7.2. Pendulum
The dynamics of the smulated penddum (figure 7.2) obeyed the following

differential equation:

mlzd+cd+mglsina:T (7.35)
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figure 7.2 (The Pendulum Used for the
Control Simulations of Chapter 7 and 8)

where,
mass:
m = 1.0 kgr
link dimension:
[ =0.1m
Damping Coefficient:
c = 1.0Ns/m
The roba was asked to swing aaoss two radians © that the norlineaity of the

system cannot be neglect@gjure 7.1)

7.7.3. Simulation Results

A linea MassSpring-Dashpa (LMSD) was first smulated using the
Generalized Secant Controller. This gystem is a lineaizaion d the NLMSD system
of equation 7.34 and is described by the following differential equation.

ma+ca+ka=T (7.36)

The results of this smulation are given by figure 7.3 through potting the sum

of squares of the arors versus the repetition number. The first repetition was done



using a self-tuning regulator with forgetting fador 1 (a complete theory of the self
tuning regulator is given in Chapter 8) The sum of squares of errors in this

simulation converges to 1.08 and did not go to zero.

Barned 2l proposes a pradicd stability criterion which transates to imposing a
small paositive lower limit to the inner product of the diredion in which the P matrix
is updated and the control step taken. Namely, the steps which do nd med the
criterion of the inequality 7.37 should be rejected.

T
12 v

- " > <p< 7.37
i P o<est (7.37)

This ensures a numericdly stable update to the P matrix. If astep is rejeded for not
meding (7.37), then anew step vk shoud be taken. If this dep is made equivalent in
the same diredion as the P update diredion, z, then the inequality of 7.37 is always
satisfied. Note that 7.37 could be tested before the wntrol step is inputed to the
dynamic system. Therefore, if the step is rejeded, for pradicd purposes there is no
mathematica burden creaed. Barnes2l suggests taking the magnitude of the new
step to be equal to that of the rejeded step. This suggestion was gown to trigger
instabiliti esin pradicewhen applied to smulated systemsin thisthesis. Therefore, to
avoid instability, the size of the new steps were taken to be asmall number which is
greder than the acarracy of the mmputer and yet is snall enoughcompared to the
magnitude of the input vedor in repetition Q not to cause much deviation in the
system dynamics. This choice turned out to be very pradicad when applied to the
LMSD system (seefigure 7.4.) To seethe robustnessof this controller, it was appli ed
to the norlinea systems of equation 7.34 and 7.35. figures 7.5 and 7.6 show the plots
of the sums of squares of errors for the NLMSD and pendudum systems. In bah of

these simulations the rejection of control steps was donepwite-4.
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In applicaion to the LMSD and NLMSD systems, zero trgedory error was
achieved after 8 repetitions which is lessthan the celing povided by the theory (10
repetitions.) Similarly, the penduum readed a zeo trgjedory error after only 9

repetitions which is again one repetition less than the ceiling provided by the theory.

It shoud be noted that the theory in this chapter was derived for control of a
time-variant dynamic system where the simulations were dore on hghly norlinea
systems performing a highly norinea task. These simulations provide pradicd

evidence on the robustness of this learning controller.
Squares of Errors of LMSD / No Rejections

30

5
Repetitions

figure 7.3 (Squares of Errors for the LMSD System
Using the Generalized Secant Learning Controller without Rejections)
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Squares of Errors for LMSD / With Rejections

30

mn2

Repetitions

figure 7.4 (Squares of Errors for the LMSD System
Using the Generalized Secant Learning Controller with Rejections)

7.8. Conclusion
Theoretical evidence shows that the Generalized Secant method requires the
least number of repetitions for convergence. The Generalized Secant method was
therefore used in the simulations of this chapter. Results show that without rejection
of noninformative control steps, the system could become unstable and that the use of

ap which is too small in inequality 7.37, could result a big reduction in the rate of
Sum of Squares of Errors for NLMSD System

30

0 2 4 6 8 10 12
Repetitions

figure 7.5 (Squares of Errors for the NLMSD System Using the
Generalized Secant Learning Controller with Rejections)



Sum of Squares of Errors for the Pendulum

Radians”2

0 T T T

0 2 4 6 8 10 12
Repetitions

figure 7.6 (Squares of Errors for the Pendulum Using the Generalized
Secant Learning Controller with Rejections)

convergence Therefore, there is a trade-off in the magnitude of p. Also, in pradice
the magnitude of steps which replaceregeded control steps $houd be made small
enough no to cause ingtabiliti es in the system. In genera, the Generalized Secant
Leaning Controller has snown to be very stable and robust in a pradicd sense when

applied in the simulations of this chapter.
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Chapter 8

Self-Tuning Regulator with Learning Parameter Estimation



8.1. Introduction

One of the mgor fadors contributing to performance limitations of today's
indwstrial automated machines/processs is the restricted capabiliti es of their control
systems. A wide dassof these antroll ers employ constant pre-defined gains and do
not take into consideration the norinea dynamics in these macdiines. The result is
that these machines are nat being utili zed to their full potential in terms of their speead
and pedsion. With a more sophigticated control strategy, it is possble to
compensate for the mmplicaed eff eds of nonlineaities which have in the past been

considered as mere disturbances in most systems.

Severa advanced schemes have been propased for an improved performance
which would generate control adions to compensate for the gorementioned norinea
dynamics. These include norlinea feedbadk control [64, feedforward control [69,
resolved motion cortrol [66-67]  diding mode wntrol [68l, repetitive cntrol [11.69]
and leaning cortrol [10701, |n addition, adaptive rtrols have drawn a lot of
attention in various applicaions [73-73. One dassof these alaptive ontrollersisthe

self-tuning regulatol’4l.

A sdlf-tuning regulator consists of a parameter estimator and a wntroller. The
parameter estimator estimates the parameters of an approximated model of the
controlled system by uilizing a rearsive etimation scheme. Based on the
approximate model and the estimated parameters, the cntroller adjusts its adions to
maintain its performance  Therefore, the performance of a self-tuning regulator

depends greatly on that of the parameter estimator employed.



One mmmon charaderistic of the eisting estimators is that they start their
estimation processwith ead new task and do no use the information aaquired from
their past experiences even when performing the same task over and over again, asin

many manufaduring applications. The implicaion is that the system will kee

making the same errors at corresponding times in the duration of each repetition.

Another drawbadk of these etimators is that they have to ke the changes of
estimations snall between neighbaing sample instants to maintain their immunity to
noise and dsturbances. Consequently, the etimators canna respond to sudden

changes of parameters quickly.

The objedive is to present a leaning adaptive @ntrol scheme based on a
leaning estimator which uilizes the information from past performances of a
repetiti ve task to make amore acarate estimate of the system parameters repetition
after repetition.  Consequently, the leaning adaptive ntroller improves its
performancethroughou the repetitions. Due to the adition d the repetition danain,
the estimator is alowed to respondto sudden changes of parameters along the time

axis.

8.2. Theory of the Self-Tuning Regulator
The general equations of motion o most rigid-body systems, with the
consderation d dynamics such as inertial, gravity, Coriolis, centrifugal, and aher

forces will be as follows:

T =M(@)d +C(a, &) +F(@) +G(a) + T (8.1)

where, T is the nx1 vedor of generdized forces suppied by the aduators, a is the

nx1l vedor of generalized coordinates, M(a) is the nxn equivalent mass matrix,
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C(a,a) isthe nx1 vedor of generalized forces due to Coriolis and centrifugal forces,
F(a) isthe nx1 vedor of generalized forces due to viscous friction, G(a) is the nx1

vedor of generalized forces due to gravity and T is the nx1 vedor of disturbances,

friction, and other unmodeled forcEsl.

If equation (8.1) is discretized and lineaized abou a set of reference
coordinates at ead time instant, the norinea equations of motion for ead o the
generdlized coordinates can be gproximated by a set of sewond ader linea

difference equations.

Such a nominal linear difference equation can be written as:

a(t) + 6, a(t-1) +0, a(t-2) = qd (65 u(t) +6,4 u(t-1) ) + v(t) (8.2a)
or,

A@™D at) = g9 B(al) u(t) + v(t) (8.2b)
where g1 is the badkward shift (or delay) operator such that, g1 a(t) = a(t-1); d is
the delay, u(t) is the inpu at time step t, a(t) is the output at time step t, and \(t)
denotes the equation error. A(q 1) and B(g'1) are the system matrices which could

change from one instant to the next.

Throughout this formulation the following assumptions are made:

1. the delay d is known,

2. all zeros of B(t}) lie strictly inside the unit circle.
Taking d=1 and solving fax(t) in equations (8.2):

a(t) = 8T(t) et) + v(t) (8.3)
where,

BT (t) = (81(t) , B(t) , B3() , B4(t) ) is the parameter vector at time t and



e'(t) = (a(t-1), w(t-2) , u(t-1) , u(t-2) ) is the linear regression vector.

A saf-tuning regulator models a given dyramic system with a difference
equation in the form of (8.3) and wses areaursive estimator to identify the parameter
vedor O(t) a ead sampling instant and adjusts its control adion acordingly.
Therefore, the overall performance of the control system is very much dependent on

how close these estimates are to the real system parameters.

One popuar parameter estimator is the Reaursive Least Squares (RLS)
parameter estimator which minimizes the sum of squares of the eguation errors v(t)

over the time. Therefore, at time step k, the function,
k

V,(8) = Z ANV (8.4)
t

is minimized, where A is a forgetting fador which is a measure of how fast the old

dataisforgatten. Therange of A isbetween Oand 1and as it beaomes gnaller the old

data is forgotten more quickly. Using eguation (8.3), the expresson for V| can be

written:

k
V(8= > Aa - 0" ey’ (8.5)
t=0

Equation (8.4) is then minimized with resped to 8 and a parameter (0) vedor is

obtained for time step k.
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To reaursively find a @ vedor which would minimize (8.5), the following

algorithm can be usdd®-76]

P(k-1) (k)

Lk-1) = T (8.6a)
A + @ (K) P(k-1) @(k)
0 (k)=6(k-1)+L (k1) [a(K)- o' (k-1) @(K) ] (8.6b)
T
P(K) = [1-L(k-1) @ (K) ] P(k-1) (8.60)

A

where, L is an intermediate vedor which is cdculated ead time to avoid matrix
inversions and P is the avariance matrix which signifies the degree of confidencein
the acaracy of the parameter estimates and is darted off as a diagoral matrix with
large diagoral elements to minimize the dfed of the initia guessfor the parameter

vector.

By nature, least squares estimators have to provide anew estimate of parameters
close to the previous estimate. If the danges of the cntrolled pant are large
between two conseautive steps and they continue to change, the parameter estimator
may nat keegp up with the changes and poa estimates will be provided. These poa
estimates will then lead to a poa control adion onthe part of the antroller. One
solution that comes to mind is increasing the sampling frequency which duwe to
limited computational cgpabiliti es and quantizaion errors is usualy na a pradicd

solution.
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If the task being exeauted is repetitive, then everytime the task is garted, the
same procedure is repeded and the cntroller starts everything fresh withou looking
badk at how it had performed previoudy. Therefore, the cntroller will make the
same arors eadh time it repeds the task. The following popasition povides a
solution which will nat only use the knowledge aquired from previous repetiti ons,

but it will also allow greater parameter changes in neighboring time steps.

8.3. Learning Recursive Least Squares Estimator (LRLS):
Let us look at any sample instant k in the time domain. If the task being
performed is repetitive, there is a nominal diff erence equation (8.7) which defines an

equivaent linea time-variant system for the nonlinea system at time step k and

repetition r.
af(k) =6 T(k) ¢'(k) + (k) (8.7)
where,
B T(k) = [61(k) , 67x(K) , 673(K) , O74(K) ], (8.8a)
¢ T(k) =[-af(k-1) , af(k-2) , U(k-1) , U(k-2) ], (8.8b)

and V(k) denotes the equation errors.

Minimizing the sum of squares of the eguation errors vI(k) in the repetition

domain, for time step k, will minimize,

vi®) = > vl - 87k g (8.9)
=0

where, y is the forgetting fador in the repetition danain, smilar to A in equation

(8.5).



Minimizing equation (8.9) for 0, will give anew estimate of the parameters (6) for
time step k and repetition r as presented in equation (8.7). To minimize (8.9) and

solve for@ in a recursive fashion, the following algorithm can be used:

L = P(K) ¢ (K) (6.103)
v+o (K PR @K |
Br(k) = 0r1(k) + L™-1(k) [af(k) - 61 T(k) ¢'(K)] (8.10b)
A LR O A CVILAC (8.100)
Y

These 0'(k) (k=0,1,2,...N) can be evaluated and stored after repetition r has
been completed and hefore repetition r+1 starts.  When repetition r+1 starts,
correspondng values of O could be used at ead time step k to apply an appropriate
compensation throughthe @ntrol law used. As sen by equations (8.10), sinceej(k)'s
(k=0,1,2,...N) are updeted in the repetition danain, their differenceis nat limited to

that allowed by the recursive least square estimator shown in (8.6).

8.4. Control law:

Since the @ntrol law is not the enphasis of this research, the One-Step-Ahead
cortrol law was sleded for its smplicity [74. In general, the self-tuning regulator is
very flexible with resped to the eanployment of control laws. Virtually any technique
(pde-placanent, minimum variance, etc.) can be acommodated. The One-Step-
Ahea control law is the gplicaion d an inverse system while a1 estimate to the
system parametersis known. The second ader linea time-variant diff erence ejuation

approximating the non-linear dynamics at any time instant k is:
a(k) + 041(k) a(k-1) +05(k) a(k-2) =05(k) u(k-1) +64(k) u(k-2) (8.11)
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If ag(k) denctes the desired coordinate & time step k, then at time step k-1, the

control,

o (k) +8,(K) a(k-1) + 8,(K) a(k-2) - 8,(K) u(k-2)
u(k-1) = 00 (8.12)
3

should be applied.

For the first time of exeauting a repetitive task (r=0), any common controller
(PID, PD, adaptive, etc.) can be used. All inpus and ouputs are recorded at every
sampling instant. After completing the task for the first time, the parameters (P's and
0's) of al time steps will be updated using equations (8.10) and stored in memory.
Then, the task is repeaed using the stored parameter estimates for determining the
control at ead time step using equation (8.12). The processof recrding inpus and
outputs, updating the parameters and exeauting the task is repeaed from one

repetition to the next.

In this dudy, among all the available control schemes, a self-tuning regulator
using an RLS (eg. 8.6) estimator and a One-Step-Ahead control law was chosen to
exeaute the task for the first time.This is dore to demonstrate the alvantage of
leaning. During the first run, since B(k) is not known at time step k-1, 6(k-1) shoud
be used. Therefore, the expresson wsed for u(k-1) in the first time of condcting the
repetitive task is:

)= 0o +6,(«D afkel) +84k1) ok - 6,1 uked
eék-])

B3 (813



However, in the following repetitions the @owve restriction daes not exist and

equation (8.12) can be used.

8.5. Convergence, Simulations, and Experimental Results:

A sdlf-tuning regulator, utilizing a stable @ntroller, converges if the parameter
estimates converge. This requires that the model structure used in the estimator be
corred and that the inpu signal be sufficiently rich in frequencies. Since aleast
squares method is used, it is necessry that there be no correlation in the

disturbance§’5l

The leaning self-tuning regulator was applied, throughcomputer simulation, to
the antrol of the one degreeof-freedom roba manipulator and the nonlinea mass
spring-dashpa (NLMSD) system described in chapter 7. Forgetting fadors used in
the parameter estimator were,

A =0.98
and,

y=0.98

Figures 8.1 and 82 present the smulation results with a plot of the tradking
error versus time steps for different repetition cycles in the penduum and NLMSD
problems respedively. Figures 8.3 and 84 show that the sum of squares of errors

decreases drastically toward zero as the number of repetitions increases.

These results s1ow a nea perfed regulation throughthe introduction d learning
adaptive control. A perfed (zero) tradking error was not achieved due to the usage of

a PD controller for the first two time steps of ead repetition. Therefore, there is a
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lower bound de to the eror introduced bythe PD controller in the first two steps, for
the reduction d trading error. The reason for using a PD in the first two time steps
is the unavailability of data for the -1 and -2 time steps. However, if the time
increment is snall enough then the parameters at time step 2 could be used to
generate the cntrol for the first two time steps. This will bring the limit closer to
zeo. Figures 8.3 and 84 show that an almost perfed tracking could be adieved
after 4 repetitions of the task. One shoud remember that in red implementation o
the self-tuning regulator, a rich persistent excitation to the dynamicd system shoud
be present such that all the states of the system are excited at al time even if there is
no need for controlling them at certain instances.

o ——FErrors for Pendulum——m—_

m
c
.
o
@© T Rep.0
Q:, <+ Rep.l
o) = Rep.5
L]

_2 T
0.00 0.01 0.02
Time (s)
figure 8.1 (Errors for the Pendulum Problem
Using the Learning Self-Tuning Regulator)
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figure 8.2 (Errors for the NLMSD System
Using the Learning Self-Tuning Regulator)
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figure 8.3 (Sum of Squares of Errors For the Pendulum
Using the Learning Self-Tuning Regulator)
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figure 8.4 (Sum of Squares of Errors for the NLMSD System
Using the Learning Self-Tuning Regulator)

Simulations were dso condwted using a PD controller for the first exeaution d the

repetitive task and similar learning curves were observed.

In an experiment condwted by Mr. S. Y. Li who is an Asgciate Profesor in
Department of Predsion Madinery of ChangSha Ingtitute of Tedindogy in the
People's Repulic of China, a Piezoeledric tod in a diamond cutting lathe was
controlled used this leaning control scheme. The dynamics of this tod is highly
norlinea and it feaures hysteresis. This highly norlinea dynamics can be noted by
looking at figure 8.5 which isa graph d the steady-state resporse of the Piezoeledric

tool to the range of input voltage from 0 to 400 volts.
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Steady-State Response of Piezoelectric Tool
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figure 8.5 (Steady State response of the piezoelectric tool to input
voltage 0-400V, signifying the hysteresis in its dynamics)

The Piezoeledric tod was asked to perform the demanding desired trgjedory
given in figure 8.6 having a Period d 2.3435 Sewmnds and a sampling interval of
0.15625 Semnds for a period d 10 Semnds in ead repetition o the task. The
computer used with this stup to do the cdculations was a 25 MHz Intel-80386
machine with a math coprocesor. The mmputational speed of this computer does
not allow the usage of the traditional Self-tuning Regulator for the first performance
For this reason, a PD controller was used to perform the control at the first time.
Then, the Leaning Self-tuning Regulator was used to repea the task 10 times.
Figures 8.7-8.9 show a mmparison d the trajedory error of the PD controller versus

the first, sixth and tenth repetition using the LSTR.



Desired Trajectory for the Pizoelectric Tool
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figure 8.6 (Desired output for the Piezoelectric tool in each repetition)

PD Control Versus First Repetition Using the LSTR
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figure 8.7 (Output error of the Piezoelectric tool for the first execution of
the task using PD Control and the first repetition using the LSTR)
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PD Control and Sixth Repetition Using the LSTR
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figure 8.8 (Output error of the Piezoelectric tool for the first execution of
the task using PD Control and the sixth repetition using the LSTR)

PD Control Versus Tenth Repetition Using the LSTR
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figure 8.9 (Output error of the Piezoelectric tool for the first execution of
the task using PD Control and the tenth repetition using the LSTR)

As e bythroughthe graphs, with oy one repetition d the task, the overshoa has
deaeased dragticdly and it continues to deaease @ repetitions increase. Figure 8.9
shows an amost perfed regulation d the tod as compared with the performance of

the PD controller. Figure8.10 gvesamore informative graph d the tend d the sum
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of squares of errorsin dfferent exeautions of the task. This value hasfallen by abou
60% uponthe first repetition and by close to 90% at the tenth repetition, using the

LSTR.
Sum of Squares of Errors for Piezo Tool Control

Micro Meters Squared

O T T T T
0 2 4 6 8 10
Repetition Number

figure 8.10 (Sum of squares of output errors of the Piezoelectric tool for the first
execution of the task using PD Control and the ten repetition using the LSTR)

8.6. Conclusion

Simulation results show that the leaning self-tuning regulator is a quick
converging controller which improves the performance of a roba manipulator and a
norlinea massspring-dashpa system exeauting repetitive tasks. Also, the faa that
most cdculations could be dore off- line, makes this control algorithm very feasible.
In fad, compared with a PD (propartional plus derivative) controller, only threemore
additions and threemore multi pli cations have to be dore while the mechanicd system
isin motion for eat coordinate & ead time step. This makes the use of the leaning
self-tuning regulator quite feasible with today's techndogy. Also, the anourt of
memory needed for the implementation d this controller in an n degree of freedom

system is,



memory locations needed = 22 * # of time steps in each repetition * n.

This amourt of memory, considering today's low cost memory chips, is feasible for
most applicaions, using even a personal computer. Therefore, it is proposed for
future reseach to apply the leaning algorithms developed in this and the previous
chapter and study the performance of these dgorithms as the number of degrees of
freedom are increassed and norineaities such as coriolis and centrifugal forces are

introduced into the dynamic systems.

The proposed leaning self-tuning regulator can be gplied to the cntrol of
genera norlinea dynamic systems as demonstrated in the smulations. It is ®e
from the simulations and experimental results to be very robust when applied to
controlling hghly norlinea plants which feaure norlineaities such as hysteresis,
generating parameter drifts in the learning danain. This controller could be gplied
to many cther manufaduring applicaions such as robaics, madining, process
controls and aher manufaduring processes. Also, the nation d aleaning parameter
estimator could be gplied on dher parameter estimators than the RLS estimator.

These are some paths for future research.
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A.1. Definitions
Real / Complex Space:

RN and @ denote the N dimensional real and complex spaces respectively.

The I dentity Matrix:
The N dimensional identity matrix is denoted by I ( or sometimes | ) and is
defined as follows,

N N . .
Iyv:R - R is the matrix such that

where i, j O { 1, 2, ..., N } are the row number and column number of the

corresponding element of matriy. |

Transpose/ Hermitian Transpose:
Transpose of a Matrix:

The transpose of any matrix A : RN _ RM is given by AT : RM _, RN such
that,

A=A (A.1)

where indicesi O { 1,2, ..,M} andj O{1, 2 ..., N} dencte the locdion d
elements of the matrix such that the first index corresponds to the row number and

the second index corresponds to the column number.

Hermitian Transpose of a Matrix:
The Hermitian transpose of amatrix A : CN . CM isgiven byAH : c™M _, N

such that,
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A:AR+iA|,AR,AI:R - R (A.2)
and,

H T T

A =Ag-iA (A.3)

Hermitian Matrices:

A Hermitian matrix A : & - CN is the matrix for which,

N (A.4)

I nverse of a Square matrix:
The inverse of a square matrix A : RN . RN (if it exists) is denoted by A1 :
RN _, RN and is that unique matrix such that,

-1 -1
ATA=AAT =1 (A.5)

Norms:
To have anation d the magnitude of matrices, we shall use the Euclidian nam

throughout this thesis. This norm is defined as follows,

Euclidian Norm of a Vector:

The Euclidian norm of a vectof3RN is denoted by || x/hnd defined as,
1

N 2
||x||E:(Z>g-2) whee x, i0{12 ..., N}istei daratd vetorx (A.6)

Euclidian ( Frobenius ) Norm of a Matrix:



The Euclidian ( Frobenius ) norm of a matrix A : RN - RM is denated by ||A

lle or || A |f and is defined as,

M N _;
||A||E:||A||F:(ZZA§ (A7)
=1 1=

where A, (i0{1,2,..,M}j0{12 ..,N})isthe (i,jr element of matrix A.

The Euclidian Norm of a matrix can also be written in the following forms,
1

1A=1A L= ( ﬁuAui ||E)2
=Jr(A A) (A-8)

whereu, , i O{ 1, 2, ..., M } isany othonamal basis and tr ( AT A ') denates the

trace of (AT A) which is equivalent to the sum of all its diagonal elements.

In general, all matrix norms satisfy the following four conditions:
ForA,B: RV - RM and C: R - RN,

1. ||A|pOand ||A||=0iffA=0

2. ||kA]|l=|k]|||A]] wherekis any scalar

3. [IA+BIFI[Al+I]IBIl

4 |ACIFITATIICI

Linear Dependence/ | ndependence:
A setof vedors sORN, i 0{1,2,..,N} is sid to be alinealy dependent set

if there exist numbery;, i 0 {1, 2, ..., N }, not all zero, such that,

134
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2%% =0 (A.9)

If the set is not linearly dependent, then it is said to be linearly independent.

Unitary / Orthogonal Matrices:

A matrix U : Q¥ - CN s said to be unitary if,

H H
U U=UU =l (A.10)

A special case of unitary matrices is VN R RN in which case,

T T
V V=VV =1 (A.11)

Matrices falling under this special case are called orthogonal matrices.

Conjugacy / Orthogonality / Orthonormality:

Any set of linearly independent vectors,

v v ORY, i0{12 .., M} (M3N)

is sid to be mutually conjugate @ou a positive definite, full rank matrix Q : RN -
RN such that the product,
T a>0ifi=j
Vi QVj:{o ifi° ] (A.12)
If Q = Iy then the set is a mutually orthogoral set of vedors. If in additiona =1,

then the set is mutually orthonamal (i.e. For an orthonamal set of vedors, || v |E =

1).



Singular Values of a Matrix:

If A:CN - CM, then the gtrictly pasitive square roats o; of the norzero

eigenvalues of HA ( or AAH ) are called the singular values of matrix A.

Rank of a Matrix:

Matrix A : CN - CM has rank k if it has k singular values.

Singular Value Decomposition:

If A:CN - CM hasrank k andits snguar values are denoted by o, 30,3 ...3

oy > 0, then there exist two unitary matrices,

M M
U=[u,u,..,u,]:C -C (A.13)
and,
N N
V=[v,V,...,vy]:C - C (A.14)
such that,
H H
>=U AVadA=UZV (A.15)
where,
DO N "
> = C - C
00 (A.16)
and,

_ ;>0 fori=j A.17
Dij_{ 0 fori°j ( )

13¢



Then,

H
A=U3V (A.18)

is the singular value decomposition of matrix A, where,

H
<. x AV AU . H H .
for 1SiSk, u=— adv,=—— aedgavedorsof AA andA A respedtivey,

Gi Gi

asociated with the k eigenvalues 6;2 > 0 and the vedors u;, k+1 2i 2M and v, k+1 2i

2N are the agenvedors asociated with the zeo eigenvalues. If A isred, then U and

V will also be real and are therefore orthogonal matrices.

Pseudo-I nverse ( Moore-Penrose Generalized | nverse):

If A:CN . CMand AT : CM _, CN, then At is the pseudo-inverse (Moore-
Penrose generalized inverse of A iff,

1. AATA=A

2. ATA AT=AT

3. AATand A A are hermitian
Furthermore, if the singular value decomposition of A is given by,

H
A=U3V (A.19)

then the pseudo-inverse of Af #s given by,

H
Al=vs'u (A.20)
where,
¢ B9l W N
2 = C 5 C
0 0 (A.21)

E is the kxk diagonal matrix such that,
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= forizj
15 A.22
Eij_{ 0 fori® ] (A.22)

and k is the rank of A.

Gram-Schmidt Orthogonalization:

Ordinary Gram-Schmidt Orthogonalization Procedure:

Suppcse, v; i Vi ORN, i O{1,2 ..,M}, M2N are aset of unit vedors. Then,
the following is the Gram-Schmidt procedure which generates the set of vedors z;, i

0{1,2, ..,M} which form an athonamal set spanning the same space & vedors

Vi'
u = v, (A.23)
i-1 T
U =V, (Vi )z i0{23, .., M} (A.24)
J:
and,
U
z=— i0{12.. M} (A.25)
Iy, Il

Modified (Numerically Accurate) Gram-Schmidt Orthogonalization:
The following pseudocode presents a modfied Gram-Schmidt
orthogoralization method which theoreticdly gives the same set of vedors as the

original procedure but it is more accurate in actual numerical implementation.
Lu=v, (A.26)

Uy
zZ =—
1 I Uy ”E (A.27)



2.Fori=2,3,...M

(Y

T
Computev,” =v;- (v, z;)z

u=v (A.28)
Y
zZ =
i U e (A.29)

Fori=j+1,.., M

' j-1 -0T
Wy (y, z) 7 (A.30)

Sherman-Morrison Inversion Formula;
If Gyi1, Gy : RN — RN, then therank M (M2N) updete to G for obtaining Gy .4

T
G, =G, +RST (A.31)

k+1
whereR, T: RM . RN andS: RM _, RM, then the inverse of Gy, is given by the
following,
-1 B T R I I |
G =G -G, RU'T G, (A.32)
where,

- T .
U=S'+T G.R (A.33)

Positive Definiteness:



Let s be any vedor such that s 0 RN. A matrix G : RN - RN is sid to be
positive definite if,

T
s Gs>0 OOs°O0

A.2. Vector Representation Under a Set of Normal Conjugate Directions:
Theorem A.1:
Since mnjugate diredions are linealy independent, any vedor v [0 RN can be

represented in terms of a set of diredions 5,1 {0, 1, ...,N-1 } conjugate @éou a

positive definite full rank matrix G :"™R— RN as follows,

N-1
v= ZDAi 5 (A.34)

where,
T
S Gv

A =
T
S

- (A.35)

-

Furthermore, there dways exists a full set of N diredions s conjugate @ou G

since the eigenvectors of G form such a set.

Theorem A.2:

Consider the matrix,
T
N-1 s

S
_ i
H= Z T (A.36)
'=Ys Gs
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wheres ORN, i 0{0, 1, ..,N-1} are aset of diredions mutually conjugate ou
the pasitive definite full rank matrix G : RN - RN. Post multiplicaion d H by Gs,

gives,

=1 wheni=k
=5, sSines Gs, =1 =0 wmi°k (A.37)

Therefore, H is the representation of the inverse of G,
T
N-1

1, S5
G —H—Zo T (A.38)
|

Vs Gs
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Appendix B

Abbreviations



Abbreviation

BFGS
BR.
C.P.
DFP
EX/LS
FLOP
F-R
GRI
GRII
Inex/LS
LRLS
NN

@)
PNR
PRII
PRIII
Pwi1
Pwi2
RLS
SD
SSVM
XOR
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Description
Broyden-Fletcher-Goldfarb-Shanno

Broyden
Continuous Partan
Davidon-Fletcher-Pwell
Exact Line Search
Floating Point Operation
Fletcher-Reeves
Greenstadt |
Greenstadt Il
Inexact Line Search
Learning Recursive Least Squares
Neural Network
Oren
Projected-Newton-Raphson
Pearson Il
Pearson Il
Powell 1
Powell 2
Recursive Least Squares
Steepest Descent
Self-Scaling Variable Metric

Exclusive-OR



